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Abstract.

An essential component of inference based on familiar frequen-

tist notions, such as p-values, significance and confidence levels, is the rel-
evant sampling distribution. This feature results in violations of a principle
known as the strong likelihood principle (SLP), the focus of this paper. In
particular, if outcomes x* and y* from experiments E; and E» (both with un-
known parameter 0) have different probability models fi(-), f2(-), then even
though f1(x*;0) = cfo(y*; 6) for all 8, outcomes x* and y* may have dif-
ferent implications for an inference about 6. Although such violations stem
from considering outcomes other than the one observed, we argue this does
not require us to consider experiments other than the one performed to pro-
duce the data. David Cox [Ann. Math. Statist. 29 (1958) 357-372] proposes
the Weak Conditionality Principle (WCP) to justify restricting the space of
relevant repetitions. The WCP says that once it is known which E; produced
the measurement, the assessment should be in terms of the properties of E;.
The surprising upshot of Allan Birnbaum’s [J. Amer. Statist. Assoc. 57 (1962)
269-306] argument is that the SLP appears to follow from applying the WCP
in the case of mixtures, and so uncontroversial a principle as sufficiency (SP).
But this would preclude the use of sampling distributions. The goal of this
article is to provide a new clarification and critique of Birnbaum’s argument.
Although his argument purports that [(WCP and SP) entails SLP], we show
how data may violate the SLP while holding both the WCP and SP. Such
cases also refute [WCP entails SLP].
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1. INTRODUCTION

It is easy to see why Birnbaum’s argument for the
strong likelihood principle (SLP) has long been held as
a significant, if controversial, result for the foundations
of statistics. Not only do all of the familiar frequentist
error-probability notions, p-values, significance levels
and so on violate the SLP, but the Birnbaum argument
purports to show that the SLP follows from principles
that frequentist sampling theorists accept:
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The likelihood principle is incompatible
with the main body of modern statistical
theory and practice, notably the Neyman—
Pearson theory of hypothesis testing and
of confidence intervals, and incompatible
in general even with such well-known con-
cepts as standard error of an estimate and
significance level. [Birnbaum (1968), page
300.]

The incompatibility, in a nutshell, is that on the SLP,
once the data x are given, outcomes other than x are
irrelevant to the evidential import of x. “[I]t is clear
that reporting significance levels violates the LP [SLP],
since significance levels involve averaging over sam-
ple points other than just the observed x.” [Berger and
Wolpert (1988), page 105.]
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1.1 The SLP and a Frequentist Principle of
Evidence (FEV)

Birnbaum, while responsible for this famous argu-
ment, rejected the SLP because “the likelihood concept
cannot be construed so as to allow useful appraisal, and
thereby possible control, of probabilities of erroneous
interpretations” [Birnbaum (1969), page 128]. That is,
he thought the SLP at odds with a fundamental fre-
quentist principle of evidence.

Frequentist Principle of Evidence (general): Draw-
ing inferences from data requires considering the rele-
vant error probabilities associated with the underlying
data generating process.

David Cox intended the central principle invoked in
Birnbaum’s argument, the Weak Conditionality Princi-
ple (WCP), as one important way to justify restricting
the space of repetitions that are relevant for informa-
tive inference. Implicit in this goal is that the role of
the sampling distribution for informative inference is
not merely to ensure low error rates in repeated appli-
cations of a method, but to avoid misleading inferences
in the case at hand [Mayo (1996); Mayo and Spanos
(2006, 2011); Mayo and Cox (2010)].

To refer to the most familiar example, the WCP says
that if a parameter of interest & could be measured by
two instruments, one more precise then the other, and
a randomizer that is utterly irrelevant to 0 is used to
decide which instrument to use, then, once it is known
which experiment was run and its outcome given, the
inference should be assessed using the behavior of the
instrument actually used. The convex combination of
the two instruments, linked via the randomizer, defines
a mixture experiment, Enix. According to the WCP,
one should condition on the known experiment, even
if an unconditional assessment improves the long-run
performance [Cox and Hinkley (1974), pages 96-97].

While conditioning on the instrument actually used
seems obviously correct, nothing precludes the
Neyman—Pearson theory from choosing the procedure
“which is best on the average over both experiments”
in Epix [Lehmann and Romano (2005), page 394].
They ask the following: “for a given test or confidence
procedure, should probabilities such as level, power,
and confidence coefficient be calculated conditionally,
given the experiment that has been selected, or uncon-
ditionally?” They suggest that “[t]he answer cannot be
found within the model but depends on the context”
(ibid). The WCP gives a rationale for using the condi-
tional appraisal in the context of informative paramet-
ric inference.

1.2 What Must Logically Be Shown

However, the upshot of the SLP is to claim that the
sampling theorist must go all the way, as it were, given
a parametric model. If she restricts attention to the
experiment producing the data in the mixture experi-
ment, then she is led to consider just the data and not
the sample space, once the data are in hand. While
the argument has been stated in various forms, the
surprising upshot of all versions is that the SLP ap-
pears to follow from applying the WCP in the case
of mixture experiments, and so uncontroversial a no-
tion as sufficiency (SP). “Within the context of what
can be called classical frequency-based statistical in-
ference, Birnbaum (1962) argued that the conditional-
ity and sufficiency principles imply the [strong] like-
lihood principle” [Evans, Fraser and Monette (1986),
page 182].

Since the challenge is for a sampling theorist who
holds the WCP, it is obligatory to consider whether
and how such a sampling theorist can meet it. While
the WCP is not itself a theorem in a formal system,
Birnbaum’s argument purports that the following is a
theorem:

[(WCP and SP) entails SLP].

If true, any data instantiating both WCP and SP could
not also violate the SLP, on pain of logical contradic-
tion. We will show how data may violate the SLP while
still adhering to both the WCP and SP. Such cases also
refute [WCP entails SLP], making our argument appli-
cable to attempts to weaken or remove the SP. Violating
SLP may be written as not-SLP.

We follow the formulations of the Birnbaum argu-
ment given in Berger and Wolpert (1988), Birnbaum
(1962), Casella and Berger (2002) and Cox (1977). The
current analysis clarifies and fills in important gaps of
an earlier discussion in Mayo (2010), Mayo and Cox
(2011), and lets us cut through a fascinating and com-
plex literature. The puzzle is solved by adequately stat-
ing the WCP and keeping the meaning of terms consis-
tent, as they must be in an argument built on a series of
identities.

1.3 Does It Matter?

On the face of it, current day uses of sampling theory
statistics do not seem in need of going back 50 years to
tackle a foundational argument. This may be so, but
only if it is correct to assume that the Birnbaum ar-
gument is flawed somewhere. Sampling theorists who
feel unconvinced by some of the machinations of the
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argument must admit some discomfort at the lack of
resolution of the paradox. If one cannot show the rele-
vance of error probabilities and sampling distributions
to inferences once the data are in hand, then the uses of
frequentist sampling theory, and resampling methods,
for inference purposes rest on shaky foundations.

The SLP is deemed of sufficient importance to be
included in textbooks on statistics, along with a version
of Birnbaum’s argument that we will consider:

It is not uncommon to see statistics texts ar-
gue that in frequentist theory one is faced
with the following dilemma: either to deny
the appropriateness of conditioning on the
precision of the tool chosen by the toss of
a coin, or else to embrace the strong likeli-
hood principle, which entails that frequen-
tist sampling distributions are irrelevant to
inference once the data are obtained. This
is a false dilemma. ...The ‘dilemma’ ar-
gument is therefore an illusion. [Cox and
Mayo (2010), page 298.]

If we are correct, this refutes a position that is gen-
erally presented as settled in current texts. But the illu-
sion is not so easy to dispel, thus this paper.

Perhaps, too, our discussion will illuminate a point
of agreement between sampling theorists and con-
temporary nonsubjective Bayesians who concede they
“have to live with some violations of the likelihood
and stopping rule principles” [Ghosh, Delampady and
Sumanta (2006), page 148], since their prior probabil-
ity distributions are influenced by the sampling distri-
bution. “This, of course, does not happen with subjec-
tive Bayesianism. ...the objective Bayesian responds
that objectivity can only be defined relative to a frame
of reference, and this frame needs to include the goal of
the analysis.” [Berger (2006), page 394.] By contrast,
Savage stressed:

According to Bayes’s theorem, P (x|0) ...
constitutes the entire evidence of the exper-
iment ...[I]f y is the datum of some other
experiment, and if it happens that P(x|0)
and P(y|6) are proportional functions of 6
(that is, constant multiples of each other),
then each of the two data x and y have ex-
actly the same thing to say about the value
of 6. [Savage (1962a), page 17, using 6 for
his A and P for Pr.]

2. NOTATION AND SKETCH OF BIRNBAUM’S
ARGUMENT

2.1 Points of Notation and Interpretation

Birnbaum focuses on informative inference about a
parameter 6 in a given model M, and we retain that
context. The argument calls for a general term to ab-
breviate: the inference implication from experiment £
and result z, where E is an experiment involving the
observation of Z with a given distribution f(z;6) and
a model M. We use the following:

Infrg[z]: the parametric statistical inference
from a given or known (FE, z).

(We prefer “given” to “known” to avoid reference
to psychology.) We assume relevant features of model
M are embedded in the full statement of experiment
E. An inference method indicates how to compute the
informative parametric inference from (E, z). Let

(E,z) = Infrg[z]: an informative paramet-
ric inference about 6 from given (E, z) is to
be computed by means of Infrg[z].

The principles of interest turn on cases where (E, z) is
given, and we reserve “=" for such cases. The abbrevi-
ation Infrg[z], first developed in Cox and Mayo (2010),
could allude to any parametric inference account; we
use it here to allow ready identification of the partic-
ular experiment E and its associated sampling distri-
bution, whatever it happens to be. Infrg . (z) is always
understood as using the convex combination over the
elements of the mixture.

Assertions about how inference “is to be computed
given (E,z)” are intended to reflect the principles of
evidence that arise in Birnbaum’s argument, whether
mathematical or based on intuitive, philosophical con-
siderations about evidence. This is important because
Birnbaum emphasizes that the WCP is “not necessary
on mathematical grounds alone, but it seems to be sup-
ported compellingly by considerations ...concerning
the nature of evidential meaning” of data when draw-
ing parametric statistical inferences [Birnbaum (1962),
page 280]. In using “=" we follow the common nota-
tion even though WCP is actually telling us when z;
and zp should be deemed inferentially equivalent for
the associated inference.

By noncontradiction, for any (E,z), Infrg[z] =
Infrg[z]. So to apply a given inference implication
means its inference directive is used and not some com-
peting directive at the same time. Two outcomes z;
and zp will be said to have the same inference impli-
cations in E, and so are inferentially equivalent within
E, whenever Infrg[z1] = Infrg[z;].
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2.2 The Strong Likelihood Principle: SLP

The principle under dispute, the SLP, asserts the in-
ferential equivalence of outcomes from distinct exper-
iments E; and E». It is a universal if-then claim:

SLP: For any two experiments E; and
E, with different probability models fi(-),
f2(-) but with the same unknown parame-
ter 6, if outcomes x* and y* (from E; and
E,, resp.) give rise to proportional likeli-
hood functions ( f1(x*;0) = cfr(y*; 0) for
all 6, for ¢ a positive constant), then x* and
y* should be inferentially equivalent for any
inference concerning parameter 6.

A shorthand for the entire antecedent is that (E, x*)
is an SLP pair with (E», y*), or just x* and y* form an
SLP pair (from {E;, E>}). Assuming all the SLP stipu-
lations, for example, that @ is a shared parameter (about
which inferences are to be concerned), we have the fol-
lowing:

SLP: If (E{, x*) and (E»,y*) form an SLP
pair, then Infrg, [x*] = Infrg, [y*].

Experimental pairs E£1 and E, involve observing
random variables X and Y, respectively. Thus, (E3, y*)
or just y* asserts “E» is performed and y* observed,” so
we may abbreviate Infrg,[(E2, y*)] as Infrg,[y*]. Like-
wise for x*. A generic z is used when needed.

2.3 Sufficiency Principle (Weak Likelihood
Principle)

For informative inference about 6 in E, if T is
a (minimal) sufficient statistic for E, the Sufficiency
Principle asserts the following:

SP: If Tg(z1) = Tg(zy), then Infrg[z|] =
Infrg[zz].

That is, since inference within the model is to be com-
puted using the value of Tg(-) and its sampling distri-
bution, identical values of Tr have identical inference
implications, within the stipulated model. Nothing in
our argument will turn on the minimality requirement,
although it is common.

2.3.1 Model checking. An essential part of the state-
ments of the principles SP, WCP and SLP is that the
validity of the model is granted as adequately repre-
senting the experimental conditions at hand [Birnbaum
(1962), page 280]. Thus, accounts that adhere to the
SLP are not thereby prevented from analyzing features
of the data, such as residuals, in checking the validity

of the statistical model itself. There is some ambiguity
on this point in Casella and Berger (2002):

Most model checking is, necessarily, based
on statistics other than a sufficient statis-
tic. For example, it is common practice to
examine residuals from a model...Such a
practice immediately violates the Suffi-
ciency Principle, since the residuals are not
based on sufficient statistics. (Of course
such a practice directly violates the [strong]
LP also.) [Casella and Berger (2002), pages
295-296.]

They warn that before considering the SLP and
WCP, “we must be comfortable with the model” [ibid,
page 296]. It seems to us more accurate to regard the
principles as inapplicable, rather than violated, when
the adequacy of the relevant model is lacking. Apply-
ing a principle will always be relative to the associated
experimental model.

2.3.2 Can two become one? The SP is sometimes
called the weak likelihood principle, limited as it is to
a single experiment E, with its sampling distribution.
This suggests that if an arbitrary SLP pair, (£, x*) and
(E2,¥%), could be viewed as resulting from a single ex-
periment (e.g., by a mixture), then perhaps they could
become inferentially equivalent using SP. This will be
part of Birnbaum’s argument, but is neatly embedded
in his larger gambit to which we now turn.

2.4 Birnbaumization: Key Gambit in Birnbaum’s
Argument

The larger gambit of Birnbaum’s argument may be
dubbed Birnbaumization. An experiment has been run,
label it as E,, and y* observed. Suppose, for the para-
metric inference at hand, that y* has an SLP pair x* in a
distinct experiment E;. Birnbaum’s task is to show the
two are evidentially equivalent, as the SLP requires.

We are to imagine that performing E, was the result
of flipping a fair coin (or some other randomizer given
as irrelevant to 0) to decide whether to run E| or E>.
Cox terms this the “enlarged experiment” [Cox (1978),
page 54], Ep. We are then to define a statistic 7p that
stipulates that if (E5, y*) is observed, its SLP pair x*

in the unperformed experiment is reported;
o | (Erx¥), if (E1,x*)or (E2,y%),
Tp(Ei, Zi) = { (E;,z;), otherwise.

Birnbaum’s argument focuses on the first case and
ours will as well.
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Following our simplifying notation, whenever E» is
performed and Y = y* observed, and y* is seen to
admit an SLP pair, then label its particular SLP pair
(E1,x*). Any problems of nonuniqueness in identify-
ing SLP pairs are put to one side, and Birnbaum does
not consider them. Thus, when (E», y*) is observed,
T reports it as (E1, x*). This yields the Birnbaum ex-
periment, Ep, with its statistic 7. We abbreviate the
inference (about ) in Ep as

Infrg, [y*]-

The inference implication (about 8) in Ep from y* un-
der Birnbaumization is

(E2,¥") = Infrg, [x*].

where the computation in Ep is always a convex com-
bination over E| and E;. But also,

(E1,x*) = Infrg, [x*].

It follows that, within Eg, x* and y* are inferentially
equivalent. Call this claim

[B]:Infrg, [x*] = Infrg, [y*].

The argument is to hold for any SLP pair. Now [B]
does not yet reach the SLP which requires

Infrg, [x*] = Infrg, [y*].

But Birnbaum does not stop there. Having constructed
the hypothetical experiment Ep, we are to use the
WCP to condition back down to the known experiment
E». But this will not produce the SLP as we now show.

2.5 Why Appeal to Hypothetical Mixtures?

Before turning to that, we address a possible query:
why suppose the argument makes any appeal to a hy-
pothetical mixture? (See also Section 5.1.) The reason
is this: The SLP does not refer to mixtures. It is a uni-
versal generalization claiming to hold for an arbitrary
SLP pair. But we have no objection to imagining [as
Birnbaum does (1962), page 284] a universe of all of
the possible SLP pairs, where each pair has resulted
from a O-irrelevant randomizer (for the given context).
Then, when y* is observed, we pluck the relevant pair
and construct Tg. Our question is this: why should the
inference implication from y* be obtained by reference
to Infrg, [y*], the convex combination? Birnbaum does
not stop at [B], but appeals to the WCP. Note the WCP
is based on the outcome y* being given.

3. SLP VIOLATION PAIRS

Birnbaum’s argument is of central interest when we
have SLP violations. We may characterize an SLP vi-
olation as any inferential context where the antecedent
of the SLP is true and the consequent is false:

SLP violation: (E1,x*) and (E2,y*) form
an SLP pair, but Infrg [x*] # Infrg, [y*].

An SLP pair that violates the SLP will be called an
SLP violation pair (from E1, E;, resp.).

It is not always emphasized that whether (and how)
an inference method violates the SLP depends on the
type of inference to be made, even within an account
that allows SLP violations. One cannot just look at
the data, but must also consider the inference. For ex-
ample, there may be no SLP violation if the focus is
on point against point hypotheses, whereas in comput-
ing a statistical significance probability under a null
hypothesis there may be. “Significance testing of a
hypothesis. . .is viewed by many as a crucial element
of statistics, yet it provides a startling and practically
serious example of conflict with the [SLP].” [Berger
and Wolpert (1988), pages 104—105.] The following
is a dramatic example that often arises in this con-
text.

3.1 Fixed versus Sequential Sampling

Suppose X and Y are samples from distinct experi-
ments E; and E5, both distributed as N(6, 02), with o2
identical and known, and p-values are to be calculated
for the null hypothesis Hy: € = 0 against H;: 0 # 0.

In E; the sampling rule is to continue sampling until
Y, > ¢y = 1.960//n, where y, = %Z?:l yi. In Eq,
the sample size n is fixed and o = 0.05.

In order to arrive at the SLP pair, we have to consider
the particular outcome observed. Suppose that E; is
run and is first able to stop with n = 169 trials. Denote
this result as y*. A choice for its SLP pair x* would be
(E1,1.960/ \/@), and the SLP violation is the fact
that the p-values associated with x* and y* differ.

3.2 Frequentist Evidence in the Case of
Significance Tests

“[S]topping ‘when the data looks good’
can be a serious error when combined
with frequentist measures of evidence. For
instance, if one used the stopping rule
[above]...but analyzed the data as if a
fixed sample had been taken, one could
guarantee arbitrarily strong frequentist ‘sig-
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nificance’ against Hp ...
Wolpert (1988), page 77.]

> [Berger and

From their perspective, the problem is with the use
of frequentist significance. For a detailed discussion
in favor of the irrelevance of this stopping rule, see
Berger and Wolpert (1988), pages 74—88. For sampling
theorists, by contrast, this example “taken in the con-
text of examining consistency with 8 = 0, is enough
to refute the strong likelihood principle” [Cox (1978),
page 54], since, with probability 1, it will stop with
a ‘nominally’ significant result even though 8 = 0. It
contradicts what Cox and Hinkley call “the weak re-
peated sampling principle” [Cox and Hinkley (1974),
page 51]. More generally, the frequentist principle of
evidence (FEV) would regard small p-values as mis-
leading if they result from a procedure that readily gen-
erates small p-values under Hy.?

For the sampling theorist, to report a 1.96 standard
deviation difference known to have come from op-
tional stopping, just the same as if the sample size had
been fixed, is to discard relevant information for in-
ferring inconsistency with the null, while “according
to any approach that is in accord with the strong like-
lihood principle, the fact that this particular stopping
rule has been used is irrelevant.” [Cox and Hinkley
(1974), page 51.13 The actual p-value will depend of
course on when it stops. We emphasize that our argu-
ment does not turn on accepting a frequentist principle
of evidence (FEV), but these considerations are useful
both to motivate and understand the core principle of
Birnbaum’s argument, the WCP.

4. THE WEAK CONDITIONALITY PRINCIPLE (WCP)

From Section 2.4 we have [B] Infrg, [x*] =Infrg, [y*]
since the inference implication is by the constructed
Tp. How might Birnbaum move from [B] to the SLP,
for an arbitrary pair x*and y*?

There are two possibilities. One would be to insist
informative inference ignore or be insensitive to sam-
pling distributions. But since we know that SLP viola-
tions result because of the difference in sampling distri-
butions, to simply deny them would obviously render

2Mayo and Cox (2010), page 254:

FEV:y is (strong) evidence against Hy, if and only if, were Hy a
correct description of the mechanism generating y, then, with high
probability this would have resulted in a less discordant result than
is exemplified by y.

3Analogous situations occur without optional stopping, as with
selecting a data-dependent, maximally likely, alternative [Cox and
Hinkley (1974), Example 2.4.1, page 51]. See also Mayo and Kruse
(2001).

his argument circular (or else irrelevant for sampling
theory). We assume Birnbaum does not intend his ar-
gument to be circular and Birnbaum relies on further
steps to which we now turn.

4.1 Mixture (Enix): Two Instruments of Different
Precisions [Cox (1958)]

The crucial principle of inference on which Birn-
baum’s argument rests is the weak conditionality prin-
ciple (WCP), intended to indicate the relevant sampling
distribution in the case of certain mixture experiments.
The famous example to which we already alluded, “is
now usually called the ‘weighing machine example,
which draws attention to the need for conditioning, at
least in certain types of problems” [Reid (1992), page
582].

We flip a fair coin to decide which of two instru-
ments, E1 or E;, to use in observing a Normally dis-
tributed random sample Z to make inferences about
mean 6. E| has variance of 1, while that of E5 is 10°.
We limit ourselves to mixtures of two experiments.

In testing a null hypothesis such as 8 = 0, the same z
measurement would correspond to a much smaller p-
value were it to have come from E rather than from
E»>: denote them as p1(z) and p»(z), respectively. The
overall (or unconditional) significance level of the mix-
ture Enix 18 the convex combination of the p-values:
[p1(z) + p2(z)]/2. This would give a misleading re-
port of how precise or stringent the actual experimen-
tal measurement is [Cox and Mayo (2010), page 296].
[See Example 4.6, Cox and Hinkley (1974), pages 95—
96; Birnbaum (1962), page 280.]

Suppose that we know we have observed a measure-
ment from E, with its much larger variance:

The unconditional test says that we can
assign this a higher level of significance
than we ordinarily do, because if we were
to repeat the experiment, we might sample
some quite different distribution. But this
fact seems irrelevant to the interpretation of
an observation which we know came from a
distribution [with the larger variance]. [Cox
(1958), page 361.]

The WCP says simply: once it is known which E;
has produced z., the p-value or other inferential assess-
ment should be made with reference to the experiment
actually run.
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4.2 Weak Conditionality Principle (WCP) in the
Weighing Machine Example

We first state the WCP in relation to this example.

We are given (Enix, Z;), that is, (E;, ;) results from
mixture experiment Epix. WCP exhorts us to condition
to be relevant to the experiment actually producing the
outcome. This is an example of what Cox terms “con-
ditioning for relevance.”

WCP: Given (Enix, Z; ), condition on the E;
producing the result
(Emix, 2i) = Infrg, [(Emix, Zi)]
= pi(z) = Infrg, [z;].
Do not use the unconditional formulation
(Emix, zi) # Infre_; [(Emix, Zi)]
=[p1(@ + p2(2)]/2.

The concern is that

Infre, ;. [(Emix )] = [p1(2) + p2(2)]/2 # pi(2).

There are three sampling distributions, and the WCP
says the relevant one to use whenever Infrg_. [z;] #
Infrg, [z;] is the one known to have generated the re-
sult [Birnbaum (1962), page 280]. In other cases the
WCP would make no difference.

4.3 The WCP and Its Corollaries

We can give a general statement of the WCP as fol-
lows:

A mixture Enix selects between E; and E3, using a
0-irrelevant process, and it is given that (E;, z;) results,
i =1,2. WCP directs the inference implication. Know-
ing we are mapping an outcome from a mixture, there
is no need to repeat the first component of (Ep;x, Z;),
so it is dropped except when a reminder seems use-
ful:

(i) Condition to obtain relevance:
(Emix, ;) = InfrEi[(Emim Zi)] = InfrEi (z;).

In words, z; arose from E;x but the inference im-
plication is based on E;.
(i) Eschew unconditional formulations:

(Emix, z;) # Infrg, . [;],

whenever the unconditional treatment yields a dif-
ferent inference implication,

that is, whenever Infrg . [z;] # Infrg,[z;].

NOTE. Infrg,, [2;] which abbreviates Infrg, . [(Emix,
z;)] asserts that the inference implication uses the
convex combination of the relevant pair of experi-
ments.

We now highlight some points for reference.

4.3.1 WCP makes a difference. The cases of inter-
est here are where applying WCP would alter the un-
conditional implication. In these cases WCP makes a
difference.

Note that (ii) blocks computing the inference im-
plication from (Emix,%;) as Infrg . [z;], whenever
Infrg, . [z;] # Infrg,[z;] for i = 1,2. Here Ey, E> and
Enix would correspond to three sampling distributions.

WCP requires the experiment and its outcome to be
given or known: If it is given only that z came from
E1 or E;, and not which, then WCP does not authorize
(). In fact, we would wish to block such an inference
implication. For instance,

(Ej or Ea,z) # Infrg, [z].

Point on notation: The use of “=>""is for a given out-
come. We may allow it to be used without ambiguity
when only a disjunction is given, because while E| en-
tails (E or E»), the converse does not hold. So no erro-
neous substitution into an inference implication would
follow.

4.3.2 Irrelevant augmentation: Keep irrelevant
facts irrelevant (Irrel). Another way to view the WCP
is to see it as exhorting us to keep what is irrelevant to
the sampling behavior of the experiment performed ir-
relevant (to the inference implication). Consider Birn-
baum’s (1969), page 119, idea that a “trivial” but harm-
less addition to any given experimental result z might
be to toss a fair coin and augment z with a report of
heads or tails (where this is irrelevant to the original
model). Note the similarity to attempts to get an exact
significance level in discrete tests, by allowing border-
line outcomes to be declared significant or not (at the
given level) according to the outcome of a coin toss.
The WCP, of course, eschews this. But there is a cru-
cial ambiguity to avoid. It is a harmless addition only
if it remains harmless to the inference implication. If
it is allowed to alter the test result, it is scarcely harm-
less.

A holder of the WCP may stipulate that a given z;
can always be augmented with the result of a 0-irrele-
vant randomizer, provided that it remains irrelevant to
the inference implication about 6 in E;. We can abbre-
viate this irrelevant augmentation of a given result z;
as a conjunction: (E; & lIrrel),
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(Irrel): Infrg, [(E; & lrrel, z;)] = Infrg;[z;],
i=1,2.

‘We illuminate this in the next subsection.

4.3.3 Is the WCP an equivalence? ‘It was the adop-
tion of an unqualified equivalence formulation of con-
ditionality, and related concepts, which led, in my
1962 paper, to the monster of the likelihood axiom”
[Birnbaum (1975), page 263]. He admits the contrast
with “the one-sided form to which applications” had
been restricted [Birnbaum (1969), page 139, note 11].
The question of whether the WCP is a proper equiva-
lence relation, holding in both directions, is one of the
most central issues in the argument. But what would be
alleged to be equivalent?

Obviously not the unconditional and the condi-
tional inference implications: the WCP makes a dif-
ference just when they are inequivalent, that is, when
Infrg, . [Zi] # Infrg,[z;]. Our answer is that the WCP
involves an inequivalence as well as an equivalence.
The WCP prescribes conditioning on the experiment
known to have produced the data, and not the other
way around. It is their inequivalence that gives Cox’s
WCP its normative proscriptive force. To assume the
WCP identifies Infrg . [2;] and Infrg, [z;] leads to trou-
ble. (We return to this in Section 7.)

However, there is an equivalence in WCP (i). Fur-
ther, once the outcome is given, the addition of 6-
irrelevant features about the selection of the experiment
performed are to remain irrelevant to the inference im-
plication:

Infrg, [(Emix, zi)] = Infrg, [(E; & Irrel, ;)].

Both are the same as Infrg;[z;]. While claiming that z
came from a mixture, even knowing it came from a
nonmixture, may seem unsettling, we grant it for pur-
poses of making out Birnbaum’s argument. By (Irrel),
it cannot alter the inference implication under E;.

5. BIRNBAUM’S SLP ARGUMENT
5.1 Birnbaumization and the WCP

What does the WCP entail as regards Birnbaumiza-
tion? Now WCP refers to mixtures, but is the Birn-
baum experiment Ep a mixture experiment? Not re-
ally. One cannot perform the following: Toss a fair coin
(or other f-irrelevant randomizer). If it lands heads,
perform an experiment Ej that yields a member of
an SLP pair y*; if tails, observe an experiment that
yields the other member of the SLP pair x*. We do not

know what outcome would have resulted from the un-
performed experiment, much less that it would be an
outcome with a proportional likelihood to the observed
y*. There is a single experiment, and it is stipulated we
know which and what its outcome was. Some have de-
scribed the Birnbaum experiment as unperformable, or
at most a “mathematical mixture” rather than an “ex-
perimental mixture” [Kalbfleisch (1975), pages 252—
253]. Birnbaum himself calls it a “hypothetical” mix-
ture [Birnbaum (1962), page 284].

While a holder of the WCP may simply deny its gen-
eral applicability in hypothetical experiments, given
that Birnbaum’s argument has stood for over fifty
years, we wish to give it maximal mileage. Birnbau-
mization may be “performed” in the sense that T can
be defined for any SLP pair x*, y*. Refer back to the
hypothetical universe of SLP pairs, each imagined to
have been generated from a 6-irrelevant mixture (Sec-
tion 2.5). When we observe y* we pluck the x* com-
panion needed for the argument. In short, we can Birn-
baumize an experimental result: Constructing statis-
tic Tp with the derived experiment Ep is the “per-
formance.” But what cannot shift in the argument is
the stipulation that E; be given or known (as noted in
Section 4.3.1), that i be fixed. Nor can the meaning
of “given z*” shift through the argument, if it is to be
sound.

Given z*, the WCP precludes Birnbaumizing. On the
other hand, if the reported z* was the value of T, then
we are given only the disjunction, precluding the com-
putation relevant for i fixed (Section 4.3.1). Let us con-
sider the components of Birnbaum’s argument.

5.2 Birnbaum’s Argument

(E2,y*) is given (and it has an SLP pair x*). The
question is to its inferential import. Birnbaum will seek
to show that

Infrg, [y*] = Infrg, [x*].

The value of Tp is (E1,x*). Birnbaumization maps
outcomes into hypothetical mixtures Ep:

(1) If the inference implication is by the stipulations
of £ B>

(E2,¥*) = Infrg, [x*] = Infrg, [y*].

Likewise for (Ei,x*). Tp is a sufficient statistic
for Ep (the conditional distribution of Z given Tp
is independent of ).
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(2) If the inference implication is by WCP,

(E2,¥%) # Infre, [y*],

rather

(E2,¥*) = Infrg,[y*]
and

(E1,x*) = Infrg, [x*].

Following the inference implication according to Ep
in (1) is at odds with what the WCP stipulates in (2).
Given y*, Birnbaumization directs using the convex
combination over the components of 7p; WCP es-
chews doing so. We will not get

Infrg, [x*] = Infrg, [y*].

The SLP only seems to follow by the erroneous iden-
tity:
Infrg, (2] = Infrg,[z]] fori=1,2.
5.3 Refuting the Supposition that [(SP and WCP)
entails SLP]

We can uphold both (1) and (2), while at the same
time holding the following:

(3) Infrg, [x*] # Infrg, [y*].

Specifically, any case where x* and y* is an SLP vi-
olation pair is a case where (3) is true. Since whenever
(3) holds we have a counterexample to the SLP gen-
eralization, this demonstrates that SP and WCP and
not-SLP are logically consistent. Thus, so are WCP
and not-SLP. This refutes the supposition that [(SP and
WCP) entails SLP] and also any purported derivation
of SLP from WCP alone.*

SP is not blocked in (1). The SP is always relative to
a model, here E'z. We have the following:

x* and y* are SLP pairs in Ep, and
Infrg, [x*] = Infrg, [y*] (.., [B] holds).

One may allow different contexts to dictate whether
or not to condition [i.e., whether to apply (1) or (2)],
but we know of no inference account that permits,
let alone requires, self-contradictions. By noncontra-
diction, for any (FE,z), Infrg[z] = Infrg[z]. (*=" is a

4By allowing applications of Birnbaumization and appropri-
ate choices of the irrelevant randomization probabilities, SP can
be weakened to “mathematical equivalence,” or even (with com-
pounded mixtures) omitted so that WCP would entail SLP. See
Birnbaum (1972) and Evans, Fraser and Monette (1986).

function from outcomes to inference implications, and
zZ =1, for any z.)

Upholding and applying. This recalls our points in
Section 2.1. Applying a rule means following its infer-
ence directive. We may uphold the if-then stipulations
in (1) and (2), but to apply their competing implications
in a single case is self-contradictory.

Arguing from a self-contradiction is unsound. The
slogan that anything follows from a self-contradiction
G and not-G is true, since for any claim C, the fol-
lowing is a logical truth: If G then (if not-G then C).
Two applications of modus ponens yield C. One can
also derive not-C! But since G and its denial cannot
be simultaneously true, any such argument is unsound.
(A sound argument must have true premises and be
logically valid.) We know Birnbaum was not intending
to argue from a self-contradiction, but this may inad-
vertently occur.

5.4 What if the SLP Pair Arose from an Actual
Mixture?

What if the SLP pair x*, y* arose from a genuine, and
not a Birnbaumized, mixture. (Consider fixed versus
sequential sampling, Section 3.1. Suppose E; fixes n
at 169, the coin flip says perform E, and it happens to
stop at n = 169.) We may allow that an unconditional
formulation may be defined so that

Infrg,, [X*] = Infrg,, [y*]-

But WCP eschews the unconditional formulation; it
says condition on the experiment known to have pro-
duced z;:

(Emix, z}) = Infrg,[z}], i=1,2.

Any SLP violation pair x*, y* remains one: Infrg, [x*] #
Infrg, [y*].

6. DISCUSSION

We think a fresh look at this venerable argument
is warranted. Wearing a logician’s spectacles and en-
tering the debate outside of the thorny issues from
decades ago may be an advantage.

It must be remembered that the onus is not on some-
one who questions if the SLP follows from SP and
WCP to provide suitable principles of evidence, how-
ever desirable it might be to have them. The onus is on
Birnbaum to show that for any given y*, a member of
an SLP pair with x*, with different probability models
f1(¢), f2(-), that he will be able to derive from SP and
WCP, that x* and y* would have the identical inference



236 D. G. MAYO

implications concerning shared parameter 6. We have
shown that SLP violations do not entail renouncing ei-
ther the SP or the WCP.

It is no rescue of Birnbaum’s argument that a sam-
pling theorist wants principles in addition to the WCP
to direct the relevant sampling distribution for infer-
ence; indeed, Cox has given others. It was to make the
application of the WCP in his argument as plausible
as possible to sampling theorists that Birnbaum begins
with the type of mixture in Cox’s (1958) famous exam-
ple of instruments E, E, with different precisions.

We do not assume sampling theory, but employ a
formulation that avoids ruling it out in advance. The
failure of Birnbaum’s argument to reach the SLP relies
only on a correct understanding of the WCP. We may
grant that for any y* its SLP pair could occur in repe-
titions (and may even be out there as in Section 2.5).
However, the key point of the WCP is to deny that
this fact should alter the inference implication from
the known y*. To insist it should is to deny the WCP.
Granted, WCP sought to identify the relevant sampling
distribution for inference from a specified type of mix-
ture, and a known y*, but it is Birnbaum who purports
to give an argument that is relevant for a sampling theo-
rist and for “approaches which are independent of this
[Bayes’] principle” [Birnbaum (1962), page 283]. Its
implications for sampling theory is why it was dubbed
“a landmark in statistics” [Savage (1962b), page 307].

Let us look at the two statements about inference im-
plications from a given (E3,y*), applying (1) and (2)
in Section 5.2:

(Ez, y*) = InfrEB [X*],
(E2,¥*) = Infrg, [y*].

Can both be applied in exactly the same model with the
same given z? The answer is yes, so long as the WCP
happens to make no difference:

Infrg,[zf] = Infrg, [27], i=1,2.

Now the SLP must be applicable to an arbitrary SLP
pair. However, to assume that (1) and (2) can be consis-
tently applied for any x*, y* pair would be to assume no
SLP violations are possible, which really would render
Birnbaum’s argument circular. So from Section 5.3, the
choices are to regard Birnbaum’s argument as unsound
(arguing from a contradiction) or circular (assuming
what it purports to prove). Neither is satisfactory. We
are left with competing inference implications and no
way to get to the SLP. There is evidence Birnbaum saw
the gap in his argument (Birnbaum, 1972), and in the

end he held the SLP only restricted to (predesignated)
point against point hypotheses.’

It is not SP and WCP that conflict; the conflict
comes from WCP together with Birnbaumization—
understood as both invoking the hypothetical mixture
and erasing the information as to which experiment
the data came. If one Birnbaumizes, one cannot at the
same time uphold the “keep irrelevants irrelevant” (Ir-
rel) stipulation of the WCP. So for any given (E, z)
one must choose, and the answer is straightforward for
a holder of the WCP. To paraphrase Cox’s (1958), page
361, objection to unconditional tests:

Birnbaumization says that we can assign y*
a different level of significance than we or-
dinarily do, because one may identify an
SLP pair x* and construct statistic 7. But
this fact seems irrelevant to the interpreta-
tion of an observation which we know came
from E;. To conceal the index, and use the
convex combination, would give a distorted
assessment of statistical significance.

7. RELATION TO OTHER CRITICISMS OF
BIRNBAUM

A number of critical discussions of the Birnbaum ar-
gument and the SLP exist. While space makes it im-
possible to discuss them here, we believe the current
analysis cuts through this extremely complex literature.
Take, for example, the most well-known criticisms by
Durbin (1970) and Kalbfleish (1975), discussed in the
excellent paper by Evans, Fraser and Monette (1986).
Allowing that any y* may be viewed as having arisen
from Birnbaum’s mathematical mixture, they consider
the proper order of application of the principles. If we
condition on the given experiment first, Kalbfleish’s
revised sufficiency principle is inapplicable, so Birn-
baum’s argument fails. On the other hand, Durbin ar-
gues, if we reduce to the minimal sufficient statistic
first, then his revised principle of conditionality can-
not be applied. Again Birnbaum’s argument fails. So
either way it fails.

Unfortunately, the idea that one must revise the ini-
tial principles in order to block SLP allows downplay-
ing or dismissing these objections as tantamount to

SThis alone would not oust all sampling distributions. Birn-
baum’s argument, even were it able to get a foothold, would have
to apply further rounds of conditioning to arrive at the data alone.
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denying SLP at any cost (please see the references®).
We can achieve what they wish to show, without alter-
ing principles, and from WCP alone. Given y*, WCP
blocks Birnbaumization; given y* has been Birnbau-
mized, the WCP precludes conditioning.

We agree with Evans, Fraser and Monette (1986),
page 193, “that Birnbaum’s use of [the principles]
...are contrary to the intentions of the principles, as
judged by the relevant supporting and motivating ex-
amples. From this viewpoint we can state that the in-
tentions of S and C do not imply L.” [Where S, C
and L are our SP, WCP and SLP.] Like Durbin and
Kalbfleisch, they offer a choice of modifications of the
principles to block the SLP. These are highly insight-
ful and interesting; we agree that they highlight a need
to be clear on the experimental model at hand. Still,
it is preferable to state the WCP so as to reflect these
“intentions,” without which it is robbed of its function.
The problem stems from mistaking WCP as the equiva-
lence Infrg , [z] = Infrg, [z] (whether the mixture is hy-
pothetical or actual). This is at odds with the WCP. The
puzzle is solved by adequately stating the WCP. Aside
from that, we need only keep the meaning of terms con-
sistent through the argument.

We emphasize that we are neither rejecting the SP
nor claiming that it breaks down, even in the special
case Ep. The sufficiency of Ty within E g, as a mathe-
matical concept, holds: the value of Tp “suffices” for
Infrg,[y*], the inference from the associated convex
combination. Whether reference to hypothetical mix-
ture Ep is relevant for inference from given y* is a
distinct question. For an alternative criticism see Evans
(2013).

8. CONCLUDING REMARKS

An essential component of informative inference for
sampling theorists is the relevant sampling distribution:
it is not a separate assessment of performance, but part
of the necessary ingredients of informative inference.
It is this feature that enables sampling theory to have
SLP violations (e.g., in significance testing contexts).
Any such SLP violation, according to Birnbaum’s ar-
gument, prevents adhering to both SP and WCP. We

In addition to the authors cited in the manuscript, see es-
pecially comments by Savage, Cornfield, Bross, Pratt, Dempster
et al. (1962) on Birnbaum. For later discussions, see Barndorff-
Nielsen (1975), Berger (1986), Berger and Wolpert (1988), Birn-
baum (1970a, 1970b), Dawid (1986), Savage (1970) and references
therein.

have shown that SLP violations do not preclude WCP
and SP.

The SLP does not refer to mixtures. But supposing
that (E2,y*) is given, Birnbaum asks us to consider
that y* could also have resulted from a 6-irrelevant
mixture that selects between Ep, E;. The WCP says
this piece of information should be irrelevant for com-
puting the inference from (E3, y*) once given. That is,
Infrg, [(Emix, Y*)1 = Infrg, [y*], i =1, 2. It follows that
if Infrg, [x*] # Infrg,[y*], the two remain unequal af-
ter the recognition that y* could have come from the
mixture. What was an SLP violation remains one.

Given y*, the WCP says do not Birnbaumize. One
is free to do so, but not to simultaneously claim to
hold the WCP in relation to the given y*, on pain of
logical contradiction. If one does choose to Birnbau-
mize, and to construct Tg, admittedly the known out-
come y* yields the same value of T as would x*. Us-
ing the sample space of Ep yields [B]: Infrg,[x*] =
Infrg,[y*]. This is based on the convex combination of
the two experiments and differs from both Infrg, [x*]
and Infrg,[y*]. So again, any SLP violation remains.
Granted, if only the value of T is given, using Infrg,
may be appropriate. For then we are given only the dis-
junction: either (E1, X*) or (E3, y*). In that case, one is
barred from using the implication from either individ-
ual E;. A holder of WCP might put it this way: once
(E,z) is given, whether E arose from a 6-irrelevant
mixture or was fixed all along should not matter to the
inference, but whether a result was Birnbaumized or
not should, and does, matter.

There is no logical contradiction in holding that if
data are analyzed one way (using the convex combina-
tion in Eg), a given answer results, and if analyzed an-
other way (via WCP), one gets quite a different result.
One may consistently apply both the £z and the WCP
directives to the same result, in the same experimental
model, only in cases where WCP makes no difference.
To claim for any x*, y*, the WCP never makes a dif-
ference, however, would assume that there can be no
SLP violations, which would make the argument cir-
cular.” Another possibility would be to hold, as Birn-
baum ultimately did, that the SLP is “clearly plausible”
[Birnbaum (1968), page 301] only in “the severely re-
stricted case of a parameter space of just two points”

THis argument would then follow the pattern: If there are SLP
violations, then there are no SLP violations. Note that (V implies
not-V) is not a logical contradiction. It is logically equivalent to
not-V. Then, Birnbaum’s argument is equivalent to not-V: denying
that x*, y* can give rise to an SLP violation. That would render it
circular.
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where these are predesignated [Birnbaum (1969), page
128]. But that is to relinquish the general result.
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Deborah Mayo (2014) is not the first devoutly to
wish that the (strong) Likelihood Principle [principle
L of Birnbaum (1962)] was not a logical consequence
of the Sufficiency Principle (Birnbaum’s S) and the
Conditionality Principle (Birnbaum’s C). This concern
arises because much of frequentist inference is in clear
violation of L, while at the same time purporting to
abide by S and C. This constitutes a self-contradiction,
which frequentists are, however, loth to admit. Birn-
baum himself appears to have been quite distraught at
his own finding, and in the half-century since publica-
tion of his argument there has been a constant trickle
of attempts to come to terms with it, including one or
two of my own (Dawid, 1977; Dawid, 1983; Dawid,
1987; Dawid, 2011); a detailed account that I consider
displays the underlying logic clearly can be found in
Chapter II “Principles of Inference” of Dawid (2013).

Those who feel disquiet at the destructive implica-
tions of Birnbaum’s theorem for their favored method
of inference (be it frequentist or, for example, “objec-
tive Bayesian,” which also violates L) have a number of
strategies to try and ease that disquiet. If they accept the
validity of the theorem, they might argue [along with
Fraser (1963); Durbin (1970); Kalbfleisch (1975)] that
S or C should not be taken as universally applicable—
thus evading the consequent of the theorem by denying
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its antecedents. This is at least a logically sound ploy,
although it reeks of adhockery. Also, the ploy may not
be totally successful, since some of the “undesirable”
implications of the theorem may survive weakening of
its hypotheses: Dawid (1987) suggests that the princi-
ple of the irrelevance of the stopping rule is one such
survivor.

A second possible strategy is to fully accept S and
C and Birnbaum’s argument—and thereby come to ac-
cept L. This is the path of enlightenment followed by
conversion.

The third strategy involves accepting S and C, but
still rejecting L. If that is your motivation (and you care
about self-consistency), you have no option but to try
and find fault with the logic of Birnbaum’s theorem.
This is Mayo’s strategy. The only problem is that Birn-
baum’s theorem is indeed logically sound. That means
that Mayo’s attempt to argue the contrary must itself
be unsound. Although there are many points at which I
am deeply critical of her argument, I will content my-
self with drawing attention to her principal misunder-
standing, which vitiates her entire enterprise: she sim-
ply has not grasped Birnbaum’s conditionality princi-
ple C, conflating and confusing it with Cox’s WCP,
which is quite different.

According to Mayo, WCP requires that “one should
condition on the known experiment,” or (as she phrases
itin Section 4.3) “eschew unconditional formulations.”
But Birnbaum describes his principle C as the require-
ment that
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the evidential meaning of any outcome of
any mixture experiment is the same as that
of the corresponding outcome of the corre-
sponding component experiment, ignoring
the over-all structure of the mixture exper-
iment.

That is, Birnbaum’s principle C requires identity of the
inferences to be drawn (from the same data) in dif-
ferent circumstances. This imposes an equivalence re-
lationship across such circumstances. Principle C has
nothing to say about the form or nature of the in-
ferences, and—importantly—unlike WCP is entirely
nondirectional. Mayo has misconstrued it as synony-
mous with WCP, which would require that we should
discard whatever inference we might have been con-
templating in the mixture experiment and replace it by
our favored inference in the component experiment.
However, an equally (in)valid reading of C would be
the contrary: that we should discard a contemplated
component-experiment inference in favor of an infer-
ence formed for the mixture experiment. In fact, nei-
ther of these interpretations has anything to do with
principle C and, typically—as indeed follows from
Birnbaum’s theorem and the fact that frequentist infer-
ence violates C—neither of them can be implemented
consistently within a frequentist framework.

In her Section 4.3.3 Mayo does consider the rela-
tionship between WCP and equivalence principles, and
quite correctly decides that WCP is not one of these. In
Section 7 she opines, “The problem stems from mis-
taking WCP as the equivalence....” So at least she re-
alises that WCP and Birnbaum’s principle C are dif-
ferent. However the “problem” is just the contrary: she

has mistaken Birnbaum’s equivalence requirement C as
the “nonequivalence” principle WCP.

Mayo has attempted to argue that L. does not follow
from S and WCP. Notwithstanding the shortfalls in her
arguments, I agree with that conclusion. The trouble is,
it has nothing to do with Birnbaum’s theorem. Mayo
has been attacking a straw man, and Birnbaum’s result,
S & C = L, remains entirely untouched by her criti-
cisms.
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1. INTRODUCTION

The result established in Birnbaum (1962), that if
one accepts the frequentist principles of sufficiency (5)
and conditionality (C), then one must accept the like-
lihood principle (L), has been an issue in the founda-
tions of statistics for 50 years. Many statisticians and
philosophers of science accept Birnbaum’s theorem as
a logical fact because the proof is simple and, if they
follow a pure likelihood or Bayesian prescription for
inference, it doesn’t violate the way they think sta-
tistical analyses should be conducted. Many frequen-
tist statisticians reject the result basically because they
don’t like the consequence that frequentist evaluations
of statistical methodologies are irrelevant.

In the end, an acceptable theory of inference has to
be based on sound logic with no appeals to ex cathedra
principles. Any principles used as part of forming such
a theory have to have strong justifications and produce
results that are free of paradoxes and contradictions.
For example, the principle of conditional probability,
which says we replace P(A) as the measure of belief
that event A is true by P(A | C) after being told that
event C has occurred, seems like a basic principle of
inference that, with careful application, is sound.

Does the likelihood principle carry the same weight
in a theory of inference as the principle of conditional
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Sufficiency, conditionality, likelihood, statistical

probability? We don’t think so and we will later ar-
gue that a somewhat weakened version is really just a
consequence of the principle of conditional probability.
Given that such principles can have a significant influ-
ence on what we view as correct statistical reasoning, it
is important to examine the justifications for the likeli-
hood principle, and Birnbaum’s theorem is commonly
cited as such, to see if these are correct.

Another principle cited in Mayo’s paper is the prin-
ciple of frequentism. So what is the justification for
this principle? Generally, this seems to be based on
the belief that it typically produces sensible statisti-
cal methods, although, as we will subsequently discuss,
the story seems incomplete and unclear. If the principle
of frequentism is correct, we need to have a good argu-
ment for it and a much more complete development of
the theory.

The relevance of frequentism to Mayo’s paper lies
in the author’s position that Birnbaum’s argument is
basically a violation of the principle. An argument is
provided for why the joint application of S and C used
in Birnbaum’s proof constitute such a violation. I ac-
cept Mayo’s reasoning. In fact, I think it is somewhat
similar to the argument put forward in Evans, Fraser
and Monette (1986) that the applications of S and C in
the proof are incorrect because S discards as irrelevant
precisely the information used by C to form the con-
ditional model. So the justifications for S and C con-
tradict one another in the proof and this doesn’t seem
right. This contradiction is avoided if one adopts the
principle put forward in Durbin (1970), that we should
restrict to ancillaries that are functions of a minimal
sufficient statistic, and then Birnbaum’s proof fails.
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As we will discuss in Section 3, however, the issue
in Birnbaum’s argument is not really with S and C to-
gether, but rather with C itself and with what is actu-
ally proved. A very broad hint that this is the case is
provided in Evans, Fraser and Monette (1986) where,
using the same style of argument as Birnbaum, it is
“proved” that accepting C alone is equivalent to ac-
cepting L. So Durbin’s point doesn’t save the day even
if we accept it. Actually, I don’t think the arguments in
Mayo’s paper, or in Evans, Fraser and Monette (1986),
completely dispense with Birnbaum’s theorem either.
They just reinforce the unsettling feeling that some-
thing is wrong somewhere.

Section 3 contains an outline of Evans (2013) that,
for me at least, definitively settles the issue of what is
wrong with Birnbaum’s result and does this mathemat-
ically. As will be apparent from Section 2, however,
it is clear that I believe that a proper prior is a neces-
sary part of formally correct statistical reasoning. So
why would a Bayesian want to invalidate Birnbaum’s
result? This is because the result, as usually stated,
is not logically correct. Any valid theory has to have
sound, logical foundations and so we don’t want any
faulty reasoning being used to justify that theory. In
fact, Birnbaum’s result even misleads, as we’ve heard
it said that model checking and checking for prior-data
conflict violate the likelihood principle and so should
not be carried out. Both of these activities are a nec-
essary part of a statistical analysis. For this is how we
deal, at least in part, with the subjectivity inherent in a
statistical analysis due to the choices made by a statis-
tician. This point, at least with respect to model check-
ing, is also made in Mayo’s paper and I think it is an
excellent one.

For proper Bayesians, a form of the likelihood prin-
ciple is a consequence of the principle of conditional
probability, a far more important principle. Applying
the principle of conditional probability to the joint
probability model for the model parameter and data af-
ter observing the data, we have that probability state-
ments about the model parameter depend on the sam-
pling model and data only through the likelihood (note
the emphasis). Of course, the likelihood map is mini-
mal sufficient so there is nothing surprising in this.

2. BIRNBAUM AND EVIDENCE

There is an aspect of Birnbaum’s work in this area
that is particularly noteworthy. This is his emphasis
on trying to characterize statistical evidence concern-
ing the true value of the model parameter as expressed

by the function Ev. Consider the pairs (M, x), where
M = {fy:6 € ®} is a set of probability distributions in-
dexed by parameter 6 € ® and x is observed data com-
ing from a distribution in M. Then Birnbaum (1962)
writes Ev(M1, x1) = Ev(M>,, x) to mean that the ev-
idence in (Mq, x1) is the same as the evidence in
(M>, x7) whenever certain conditions are satisfied. We
require here that M| and M, have the same parameter
space, but this can be weakened to include models with
parameter spaces that are bijectively equivalent.

The principles S, C and L are considered as possi-
ble partial characterizations of statistical evidence. For
example, if (M1, x1) and (M3, xp) are related via S,
then Birnbaum says that, for frequentist statisticians,
Ev(My, x1) = Ev(M3, x2) and similarly for C. Birn-
baum is careful to say that Ev does not characterize
what statistical evidence is, it is a kind of “equivalence
relation” (see Section 3).

In essence Birnbaum brings us to the heart of the
matter in statistical inference. What is statistical evi-
dence or, more appropriately, how do we measure it?
It seems collectively we talk about it, but we rarely get
down to details and really spell out how we are sup-
posed to handle this concept. Perhaps the closest to do-
ing this is the pure likelihood theory, as discussed, for
example, in Royall (1997), but this is only a definition
of relative evidence when comparing two values of the
full model parameter. For marginal parameters, this ap-
proach uses the profile likelihood as the only general
way to compare the evidence for different values and
this is unsatisfactory from many points of view. For
example, a profile likelihood function is not generally
a likelihood function.

For a frequentist theory of statistical inference, as
opposed to a theory of statistical decision, it seems es-
sential that a general method for measuring statistical
evidence be provided that can be applied in any partic-
ular problem. The p-value is often used as a frequentist
measure of evidence against a hypothesis, but, for a va-
riety of reasons, it does not seem to be appropriate. For
example, we need a measure that can also provide ev-
idence for something being true and not just evidence
against, given that we have assumed that the true dis-
tribution is in M.

If we add a proper prior to the ingredients, then it
seems we can come up with sensible measures of evi-
dence. For evidence, as expressed by observed data in
statistical problems, is what causes beliefs to change
and so we can measure evidence by measuring change
in belief. For example, if we are interested in the truth
of the event A, and this has prior probability P(A) > 0,
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then after observing C, the principle of conditional
probability leads to the posterior probability P(A | C)
as the appropriate expression of beliefs about A. Ac-
cordingly, we measure evidence by the change in be-
lief from P(A) to P(A | C). A simple principle of ev-
idence says that we have evidence for the truth of A
when P(A | C) > P(A), evidence against the truth of
A when P(A | C) < P(A) and no evidence one way
or the other when P(A | C) = P(A). This principle is
common in discussions about evidence in the philoso-
phy of science and it seems obviously correct.

Of course, we also want to know how much evidence
we have and this has led to a variety of different mea-
sures based on (P(A), P(A | C)). The Bayes factor
BF(A | C) = P(A)P(A | C)P(A°)/P(A)P(A°| C)
is one such measure, as BF(A | C) > 1 if and only if
P(A | C) > P(A) and bigger values mean more evi-
dence in favor of A being true. A central question as-
sociated with this, and other measures of evidence, is
how to calibrate its values, as in when is BF(A | C)
big and when is it small. Actually, we prefer measur-
ing evidence via the relative belief ratio RB(A | C) =
P(A | C)/P(A), as the associated mathematics and the
calibration of its values are both simpler. The gener-
alization to continuous contexts is effected by taking
limits and then both measures agree. A full theory of
inference, both estimation and hypothesis assessment,
can be built based on this measure of evidence together
with a very natural calibration. This is discussed in
Baskurt and Evans (2013). Of course, many will not
like this because it involves proper priors, and so is
subjective and supposedly not scientific. Alternatively,
some may complain that priors are somehow hard to
come up with.

In reality, all of statistics, excepting the data when it
is properly collected, is subjective. We choose mod-
els and we choose priors. What is important is that
any choice we make, as part of a statistical analysis,
be checkable against the objective data to ensure the
choice at least make sense. We check the model by
asking whether or not the data is surprising for each
distribution in the model, and there are many well-
known procedures for doing this. Perhaps not so famil-
iar is that we can also check a proper prior by asking
whether or not the true value is in a region of relatively
low prior probability. Procedures for doing this consis-
tently are developed in Evans and Moshonov (2006)
and Evans and Jang (2011a). In fact, there are even
logical approaches to modifying priors when prior-
data conflict is found, as discussed in Evans and Jang

(2011b). Moreover, with a suitable definition of evi-
dence, we can measure a priori whether or not a prior
is inducing bias into a problem; see Baskurt and Evans
(2013). So subjectivity is not really the issue. We do
our best to assess and control its effects, and maybe
that is part of the role of statistics in science, but in the
end it is an unavoidable aspect of any statistical inves-
tigation.

It is undoubtedly true that it is possible to write down
complicated models for which it is extremely diffi-
cult, if not impossible, to prescribe an elicitation pro-
cedure in an application that leads to a sensible choice
of a prior. But what does this say about our choice of
model? It seems that we do not understand the effects
of parameters in the model on the measurements we are
taking sufficiently well to develop such a procedure.
That is certainly possible, and perhaps even common,
but it doesn’t speak well for the modeling process and
it shouldn’t be held up as a criticism of what should
be the gold standard for inference. An analogous situa-
tion arises with data collection where we know the gold
standard is random sampling from the population(s) to
which our inferences are to apply and, when we are
interested in relationships among variables, controlled
allocation of the values of predictors to sampled units.
The fact that this is rarely, if ever, achieved doesn’t
cause us to throw out the baby with the dirty bath water.
Gold standards serve as guides that we strive to attain
and analyses that don’t just need to be suitably quali-
fied.

Our main point in this section is that the problem of
measuring statistical evidence is the central issue in de-
veloping a theory of statistical inference. It seems that
Birnbaum realized this and was searching for a way
to accomplish this goal when he came upon what ap-
peared to be a remarkable result.

3. WHAT’S WRONG WITH BIRNBAUM’S RESULT?

Perhaps everybody who has read the proof of Birn-
baum’s theorem is surprised at its simplicity. In fact,
this is one of the reasons it is so convincing, as there
does not appear to be a logical flaw in the proof.
As Mayo has noted, however, there are reasons to be
doubtful of, if not even reject, the result as being valid
within the domain of any sensible theory of statisti-
cal inference. Still suspicions linger, as the formulation
seems so simple.

As we will now explain, the result proved is not re-
ally the result claimed. If we want to treat Birnbaum’s
theorem and its proof as a piece of mathematics, then
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we have to be precise about the ingredients going into
it. It is the imprecision in Birnbaum’s formulation that
leads to a faulty impression of exactly what is proved.
This is more carefully explained in Evans (2013), but
we can give a broad outline here.

Suppose we have a set D. A relation R on D is
any subset R C D x D. Meaningful relations express
something and (d;,d2) € R means that d; and dj
share some relevant property. Let Z denote the set
of all model-data pairs (M, x). So, for example, we
can consider S as a relation on Z by saying the pair
((Mq, x1), (M, x2)) € S CZ xT whenever (M, x1)
and (M», x3) have equivalent minimal sufficient statis-
tics. Similarly, C and L are relations on Z.

An equivalence relation R on D is a relation that
is reflexive: (d,d) € R for all d € D, symmetric:
(d1,dy) € R implies (da,dy) € R, and transitive: (dy,
dy), (dr,d3) € R implies (dy,d3) € R. It is reason-
able to say that, whatever property is characterized by
relation R, when R is an equivalence relation, then
(d1,d>) € R means that d; and d> possess the prop-
erty to the same degree. It is easy to prove that S and
L are equivalence relations but C and S U C are not
equivalence relations; see Evans (2013).

Associated with an arbitrary relation R on D is
the smallest equivalence relation on D containing R,
which we will denote by R. Clearly, R is the intersec-
tion of all equivalence relations containing R. But R
can also be characterized in another way that is key to
Birnbaum’s proof.

_LEMMA. If R is a reflexive relation on D, then
R={(x,y):In,x1,...,x, € D with x =x1,y = x,,
and (xi, xj+1) € R or (xj+1, x;) € R}.

Note that S and C are both reflexive and, thus, SUC
is reflexive.

In Birnbaum’s proof, he starts with ((My,x1),
(M2, x2)) € L, namely, these pairs have proportional
likelihoods. Birnbaum constructs the mixture model
(Birnbaumization) M* and then argues that we have
that (M1, x1), (M*, (1,x1))) € C, (M*, (1,x1)),
(M*,(2,x2))) € S and ((M*, (2, x2)), (M2, x2)) € C.
Since C Cc SUC and § C S U C, by the Lemma,
this proves that L C SUC and this is all that Birn-
baum’s argument establishes. Since SU C C L and L
is an equivalence relation, we also have L = SUC.
As shown in Evans (2013), it is also true that S U C
is properly contained in L, so there is some content to
the proof. In prose, Birnbaum’s proof establishes the
following: if we accept S, and we accept C, and we

accept all the equivalences generated by these princi-
ples jointly, then we accept L. Certainly accepting S
and C is not equivalent to accepting L since SUC is a
proper subset of L. We need the additional hypothesis
and there doesn’t appear to be any good reason why
we should accept this as part of a theory of statistical
inference. It is easy to construct relations R where R
is meaningless. So we have to justify the additional
pairs we add to a relation when completing it to be an
equivalence relation.

It is interesting to note that the argument suppos-
edly establishing the equivalence of C and L in Evans,
Fraser and Monette (1986) also proceeds in the same
way using the method of the Lemma. Since C is prop-
erly contained in L, this proof establishes that C = L.
So in fact, § is irrelevant in Birnbaum’s proof. The
problem with the principles S and C, as partial char-
acterizations of statistical evidence, lies with C and the
fact that it is not an equivalence relation. That C is not
an equivalence relation is another way of expressing
the well-known fact that, in general, a unique maximal
ancillary doesn’t exist.

The result C = L does have some content. To be a
valid characterization of evidence in the context of Z,
we will have to modify C so that it is an equivalence
relation. The smallest equivalence relation containing
C is L and this is unappealing, at least to frequentists,
as it implies that repeated sampling properties are ir-
relevant for inference. Another natural candidate for a
resolution is the largest equivalence relation contained
in C that is compatible with all the equivalence rela-
tions based on maximal ancillaries. This is given by
the equivalence relation based on the laminal ancillary.
From Basu (1959), ancillary statistic a is a laminal an-
cillary if it is a function of every maximal ancillary and
any other ancillary with this property is a function of a.
The laminal ancillary is essentially unique. It is unclear
how appealing this resolution would be to frequentists,
but there don’t seem to be any other natural candidates.

Many authors, including Mayo, refer to the weak
conditionality principle which restricts attention to an-
cillaries that are physically part of the sampling. In
such a case we would presumably write our models
differently so as to reflect the fact that this sampling
occurred in stages. In other words, the universe is dif-
ferent than 7, the one Birnbaum considered. There
doesn’t seem to be anything controversial about such
a principle and it is well motivated by the two measur-
ing instruments example and many others.

We don’t believe, however, that the weak condition-
ality principle resolves the problem with conditionality
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more generally. For example, how does weak condi-
tionality deal with situations like Example 2-2 in Fraser
(2004) and many others like it? Conditioning on an an-
cillary seems absolutely essential if we are to obtain
sensible inferences in such examples, but there doesn’t
appear to be any physical aspect of the sampling that
corresponds to the relevant ancillary.

Many frequentist statisticians ignore conditionality,
but, as noted in Fraser (2004), this is not logical. The
theme in conditional inference is to find the right hypo-
thetical sequence of repeated samples to compare the
observed sample to. This takes us back to our question
concerning the principle of frequentism: why are we
considering repeated samples anyway? A successful
frequentist theory of inference requires at least a res-
olution of the problems with conditionality. The lack
of such a resolution leads to doubts as to the validity of
the basic idea that underlies frequentism.

Issues concerning ancillaries are not irrelevant to
Bayesians, as they have uses in model checking and
checking for prior-data conflict. Notice that the princi-
ple of conditional probability does not imply that these
activities need refer to any kind of posterior probabili-
ties and it is perfectly logical for these to be based on
prior probabilities. For example, model checking can
be based on the distribution of an ancillary or the con-
ditional distribution of the data given a minimal suffi-
cient. Of course, C is not relevant for proper Bayesian
probability statements about 6, as the principle of con-
ditional probability implies that we condition on all of
the data.

We acknowledge that it is possible that the problems
with C might be fixable or even eliminated through a
better understanding of what we are trying to accom-
plish in statistical analyses—these aren’t just problems
in mathematics. We can’t resist noting, however, that
the simple addition of a proper prior to the ingredients
does the job, at least for inference.

4. CONCLUSIONS

Mayo’s paper contains a number of insightful com-
ments and, more generally, it helps to focus attention
on what is the most important question in statistics,
namely, what is the right way to formulate a statistical
problem and carry out a statistical analysis? To a cer-
tain extent, Birnbaum’s result has been an impediment
in moving forward toward developing a theory of infer-
ence that has a solid foundation. It is good to have such

underbrush removed from the discussion. We have to
give great credit to Birnbaum, however, for his focus
on what is important in achieving this goal, namely, the
measurement of statistical evidence. That his theorem
has lasted for so long is a testament to the difficulties
involved in this task.

In general, we need a strong foundation for a the-
ory of statistical inference rather than principles, often
not clearly stated, that have only some vague, intuitive
appeal. The only way we can determine whether or not
an instance of statistical reasoning is correct lies within
the context of a sound theory. That two statistical anal-
yses based on the same data and addressing the same
question can be deemed to be correct and yet come to
different conclusions is not a contradiction. Statistics
tells us that we simply must collect more data to re-
solve such differences. In our view, the role of statistics
in science is to explain how to reason correctly in sta-
tistical contexts. Without a strong theory we can’t do
that.
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Discussion:
Inference, Revisited

Ryan Martin and Chuanhai Liu

Abstract.

Foundations of Statistical

This is an invited contribution to the discussion on Professor Deb-

orah Mayo’s paper, “On the Birnbaum argument for the strong likelihood
principle,” to appear in Statistical Science. Mayo clearly demonstrates that
statistical methods violating the likelihood principle need not violate either
the sufficiency or conditionality principle, thus refuting Birnbaum’s claim.
With the constraints of Birnbaum’s theorem lifted, we revisit the foundations
of statistical inference, focusing on some new foundational principles, the
inferential model framework, and connections with sufficiency and condi-

tioning.

Key words and phrases:

ferential model, likelihood principle.

1. INTRODUCTION

Birnbaum’s theorem (Birnbaum, 1962) is arguably
the most controversial result in statistics. The theo-
rem’s conclusion is that a framework for statistical in-
ference that satisfies two natural conditions, namely,
the sufficiency principle (SP) and the conditionality
principle (CP), must also satisfy an exclusive condi-
tion, the likelihood principle (LP). The controversy lies
in the fact that LP excludes all those standard methods
taught in Stat 101 courses. Professor Mayo success-
fully refutes Birnbaum’s claim, showing that violations
of LP need not imply violations of SP or CP. The key
to Mayo’s argument is a correct formulation of CP; see
also Evans (2013). Her demonstration resolves the con-
troversy around Birnbaum and LP, helping to put the
statisticians’ house in order.

The controversy and confusion surrounding Birn-
baum’s claim has perhaps discouraged researchers
from considering questions about the foundations of
statistics. We view Professor Mayo’s paper as an in-
vitation for statisticians to revisit these fundamental
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Birnbaum, conditioning, dimension reduction, in-

questions, and we are grateful for the opportunity to
contribute to this discussion.

Though LP no longer constrains the frequentist ap-
proach, this does not mean that pure frequentism is
necessarily correct. For example, reproducibility is-
sues! in large-scale studies is an indication that the
frequentist techniques that have been successful in
classical problems may not be appropriate for today’s
high-dimensional problems. We contend that some-
thing more than the basic sampling model is required
for valid statistical inference, and appropriate condi-
tioning is one aspect of this. Here we consider what a
new framework, called inferential models (IMs), has to
say concerning the foundations of statistical inference,
with a focus on something more fundamental than CP
and SP. For this, we begin in Section 2 with a discus-
sion of valid probabilistic inference as motivation for
the IM framework. A general efficiency principle is
presented in Section 3 and we give an IM-based di-
mension reduction strategy that accomplishes what the
classical SP and CP set out to do. Section 4 gives some
concluding remarks.

L“Announcement: Reducing our irreproducibility,” Nature 496
(2013), DOI:10.1038/496398a.
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2. VALID PROBABILISTIC INFERENCE
2.1 A Validity Principle

The sampling model for observable data X, depend-
ing on an unknown parameter 6, is the familiar starting
point. Our claim is that the sampling model alone is not
sufficient for valid probabilistic inference. By “proba-
bilistic inference” we mean a framework whereby any
assertion/hypothesis about the unknown parameter has
a (predictive) probability attached to it after data is ob-
served. The sampling model facilitates a comparison
of the chances of the event X = x on different prob-
ability spaces. For probabilistic inference, there must
be a known distribution available, after data is ob-
served. The random element that corresponds to this
distribution shall be called a predictable quantity, and
probabilistic inference is obtained by predicting this
predictable quantity after seeing data. The probabilis-
tic inference is “valid” if the predictive probabilities
are suitably calibrated or, equivalently, have a fixed
and known scale for meaningful interpretation. With-
out risk of confusion, we shall call the prediction of
the predictable quantity valid if it admits valid proba-
bilistic inference. We summarize this in the following
validity principle (VP).

VALIDITY PRINCIPLE. Probabilistic inference re-
quires associating an unobservable but predictable
quantity with the observable data and unknown param-
eter. Probabilities to be used for inference are obtained
by valid prediction of the predictable quantity.

The frequentist approach aims at developing proce-
dures, such as confidence intervals and testing rules,
having long-run frequency properties. Expressions like
“95% confidence” have no predictive probability inter-
pretation after data is observed, so frequentist methods
are not probabilistic in our sense. Nevertheless, certain
frequentist quantities, such as p-values, may be justifi-
able from a valid probabilistic inference point of view
(Martin and Liu, 2014b).

When genuine prior information is available and can
be summarized as a usual probability model, the corre-
sponding Bayesian inference is both probabilistic and
valid [see Martin and Liu (2014a), Remark 4]. When
no genuine prior information is available, and a de-
fault prior distribution is used, the validity property is
questionable. Probability matching priors, Bernstein—
von Mises theorems, etc., are efforts to make posterior
inference valid, in the sense above, at least approx-
imately. The standard interpretation of these results
is, for example, that Bayesian credible intervals have

the nominal frequentist coverage probability asymp-
totically; see Fraser (2011). In that case, the remarks
above concerning frequentist methods apply.

Fiducial inference was introduced by Fisher (1930)
to avoid using artificial priors in scientific inference.
Subsequent work includes structural inference (Fraser,
1968), the Dempster—Shafer theory of belief func-
tions (Shafer, 1976; Dempster, 2008), generalized in-
ference (Chiang, 2001; Weerahandi, 1993) and gener-
alized fiducial inference (Hannig, 2009, 2013). Fidu-
cial distributions are defined by expressing the param-
eter as a data-dependent function of a pivotal quan-
tity. This results in a bona fide posterior distribution
only in Fraser’s structural models and, in those cases,
it corresponds to a Bayesian posterior (Lindley, 1958;
Taraldsen and Lindqvist, 2013). Therefore, the fidu-
cial distribution is meaningful when the corresponding
Bayesian prior is meaningful in the sense above. More
on fiducial from the IM perspective is given below.

2.2 IM Framework

The IM framework, proposed recently by Martin and
Liu (2013), has its roots in fiducial and Dempster—
Shafer theory; see also Martin, Zhang and Liu (2010).
At a fundamental level, the IM approach is driven by
VP. Here is a quick overview.

Write the sampling model/data-generating mecha-
nism as

(1 X=a(,U), U~Py,

where X € X is the observable data, 8 € ©® is the un-
known parameter, and U € U is an unobservable aux-
iliary variable with known distribution Pg;. Following
VP, the goal is to use the data X and the distribution for
U for meaningful probabilistic inference on 6 without
assuming a prior. The following three steps describe
the IM construction.

A-STEP. Associate the observed data X = x, the
parameter and the auxiliary variable via (1) and con-
struct the set-valued mapping, given by

Oxw)=1{0:x=a@,u)}, uel.

The fiducial approach considers the distribution of
®,(U) as a function of U ~ Py. The IM framework,
on the other hand, predicts the unobserved U using a
random set.

P-SsTEP. Predict the unobservable U with a random
set S. The distribution Ps of S is required to be valid
in the sense that

) f(U) Zx Unif(0, 1),
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where f(u) = Ps(S > u) and > means “‘stochasti-
cally no smaller than.”

C-sSTEP. Combine O,(:) and S as O,(S) =
Uues Ox(u). For a given assertion A C ©, evaluate
the evidence in x for and not against the claim “6 € A”
via the belief and plausibility functions:

bel, (A) =Ps{O,(S) € A},
pl.(A) =Ps{0,(S) N A+ o).

In cases where ©,(S) is empty with positive Pgs-
probability, some adjustments to the above formulas
are needed; see Martin and Liu (2013).

The IM output is the pair of functions (bely, pl,)
and, when applied to an assertion A about the parame-
ter 6 of interest, these provide a (personal) probabilis-
tic summary of the evidence in data X = x support-
ing the truthfulness of A. Property (2) guarantees that
the IM output is valid. Our focus in the remainder of
the discussion will be on the A-step and, in particular,
auxiliary variable dimension reduction. Such concerns
about dimensionality are essential for efficient infer-
ence on 6. These are also closely tied to the classical
ideas of sufficiency and conditionality.

We end this section with a few remarks on fiducial.
If one takes the predictive random set S in the P-step as
a singleton, that is, S = {U}, where U ~ Py, then bely,
and pl, are equal and equal to the fiducial distribution.
In this sense, fiducial provides probabilistic inference.
However, the singleton predictive random set is not
valid in the sense of (2), so fiducial inference is gener-
ally not valid, violating the second part of VP. One can
also reconstruct the fiducial distribution by choosing
a valid predictive random set S so that bel, (A) equals
the fiducial probability of A for all suitable A € ®. But
this would generally require that S depend on the ob-
served X = x, and the resulting inference suffers from
a selection bias, or double-use of the data, resulting in
unjustifiably large belief probabilities.

3. EFFICIENCY AND DIMENSION REDUCTION
3.1 An Efficiency Principle

It is natural to strive for efficient statistical inference.
In the context of IMs, we want ply (A) to be as stochas-
tically small as possible, as a function of X, when the
assertion A about 6 is false. To connect this to classical
efficiency, ply(A) can be interpreted like the p-value
for testing Hp : 6 € A, so stochastically small plausibil-
ity when A is false corresponds to the high power of the
test. We state the following efficiency principle (EP).

EFFICIENCY PRINCIPLE. Subject to the validity
constraint, probabilistic inference should be made as
efficient as possible.

EP is purposefully vague: it allows for a variety of
techniques to be employed to increase efficiency. The
next section discusses one important technique related
to auxiliary variable dimension reduction.

3.2 Improved Efficiency via Dimension Reduction

In the classical setting, sufficiency reduces the data
to a good summary statistic. In the IM context, how-
ever, the dimension of the auxiliary variable, not the
data, is of primary concern. For example, in the case of
iid sampling, the dimension of U is the same as that of
X, which is usually greater than that of 6. In such cases,
it is inefficient to predict a high-dimensional auxiliary
variable for inference on a lower dimensional param-
eter. The idea is to reduce the dimension of U to that
of 8. This auxiliary variable dimension reduction will
indirectly result in some transformation of the data.

How to reduce the dimension of U? We seek a new
auxiliary variable V, of the same dimension of 6, such
that the baseline association (1) can be rewritten as

3) T(X)=b®,V), V~Py,

for some functions 7 and b, and distribution Py . Here
Py may actually depend on some features of the data
X. Such a dimension reduction is general, but Martin
and Liu (2014a) consider an important case, which
we summarize here. Suppose we have two one-to-one
mappings, x — (T'(x), H(x)) and u +— (7 (u), n(u)),
with the requirement that n(U) = H(X). Since H(X)
is observable, so too must be the feature n(U) of U.
This point has two important consequences: first, a
feature of U that is observed need not be predicted,
hence a dimension reduction; second, the feature of U
that is observed naturally provides some information
about the part that remains unobserved, so condition-
ing should help improve prediction. By construction,
the baseline association (1) is equivalent to

4 TX)=b®,t(U)) and H(X)=n),

and this suggests an association of the form (3), where
V = t(U) and Py is the conditional distribution of
T(U) given n(U) = H(X).

It remains to discuss how the dimension reduction
strategy described above related to EP. The following
theorem gives one relatively simple illustration of the
improved efficiency via dimension reduction.
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THEOREM 1. Suppose that the baseline associa-
tion (1) can be rewritten as (4) and that t(U) and n(U)
are independent. Then inference based on T(X) =
b8, t(U)) alone, by a valid prediction of T (U), ignor-
ing n(U), is at least as efficient as inference from (4)
by a valid prediction of (t(U), n(U)).

See the corollary to Proposition 1 in Martin and Liu
(2014a, full-length version); see also Liu and Martin
(2015). Therefore, reducing the dimension of the aux-
iliary variable cannot make inference less efficient. The
point in that paper is that reducing the dimension actu-
ally improves efficiency, hence EP.

In the standard examples, for example, regular ex-
ponential families, our dimension reduction above cor-
responds to classical sufficiency; see Example 1. Out-
side the standard examples, the IM dimension reduc-
tion gives something different from sufficiency, in par-
ticular, the former often leads directly to further di-
mension reduction compared to the latter; see Exam-
ple 2. That the IM dimension reduction naturally con-
tains some form of conditioning is an advantage. The
absence of conditioning in the standard definition of
sufficiency is one possible reason why conditional in-
ference has yet to become part of the mainstream. The
IM framework also has advantages beyond dimension
reduction and conditioning. In particular, the IM output
gives valid prior-free probabilistic inference on 6.

3.3 “Dimension Reduction Entails SP and CP”

This section draws some connections between the
IM dimension reduction above and SP and CP. First, it
is clear that following the auxiliary variable dimension
reduction strategy described above entails CP. In the
Cox example, the randomization that determines which
measurement instrument will be used corresponds to
an auxiliary variable whose value is observed com-
pletely. So, our auxiliary variable dimension reduction
strategy implies conditioning on the actual instrument
used, hence CP. For SP, Theorem 1 gives some insight.
That is, when a sufficient statistic has dimension the
same as 0, one can take 7' (X) as that sufficient statistic
and select independent t(U) and n(U). In general, our
dimension reduction and efficiency considerations are
more meaningful than sufficiency and SP. The exam-
ples below illustrate this point further.

EXAMPLE 1. Suppose Xi, X, are independent
N(8, 1) samples, and write the association as X; =
6 + U;, where Uy, U, are independent standard nor-
mal. In this case, there are lots of candidate mappings
(7, n) to rewrite the baseline association in the form

(4). Two choices are {t(#) =u1,n(u) =uy —u1} and
{t(w) = u,n(u) = (u; — u,uy — u)}. At first look,
the second choice, corresponding to sufficiency, seems
better than the first. However, the dimension-reduced
associations (3) based on these two choices are ex-
actly the same. This means, first, there is nothing spe-
cial about sufficiency in light of proper conditioning
(Evans, Fraser and Monette, 1986; Fraser, 2004). Sec-
ond, it suggests that, at least in simple problems, the
dimension-reduced association (3) does not depend on
the choice of (7, n), that is, it only depends on the suffi-
cient statistic, hence SP. The message here holds more
generally, though a rigorous formulation remains to be
worked out.

EXAMPLE 2. Consider independent exponential
random variables X, X5, the first with mean 6 and
the second with mean 6~ 1. In this case, the mini-
mal sufficient statistic, (X1, X»), is two-dimensional
while the parameter is one-dimensional. Martin and
Liu (2014a) take the baseline association as X; = 60U
and X» = 6~1U,, where U;, U, are independent stan-
dard exponential. They employ a novel partial differ-
ential equations technique to identify a function n of
(U1, Uy) whose value is fully observed, so that only a
scalar auxiliary variable needs to be predicted. Their
solution is equivalent to that based on the conditional
distribution of the maximum likelihood estimate given
an ancillary statistic (Fisher, 1973; Ghosh, Reid and
Fraser, 2010). The message here is that the IM-based
auxiliary variable dimension reduction strategy does
something similar to the classical strategy of condi-
tioning on ancillary statistics, but it does so in a mostly
automatic way.

4. CONCLUDING REMARKS

Professor Mayo is to be congratulated for her contri-
bution. Besides resolving the controversy surrounding
Birnbaum’s theorem, her paper is an invitation for a
fresh discussion on the foundations of statistical infer-
ence. Though LP no longer constrains the frequentist
approach, we have argued here that something more
than the basic sampling model is required for valid
statistical inference. The IM framework features the
prediction of unobserved auxiliary variables as this
“something more,” and the idea of reducing the dimen-
sion of the auxiliary variable before prediction leads
to improved efficiency, accomplishing what SP and CP
are meant to do. We expect further developments for
and from IMs in years to come.
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Discussion: On Arguments Concerning

Statistical Principles

D. A. S. Fraser

(1) Statistical inference after Neyman—Pearson. Sta-
tistical inference as an alternative to Neyman—Pearson
decision theory has a long history in statistical think-
ing, with strong impetus from Fisher’s research; see,
for example, the overview in Fisher (1956). Some re-
sulting concerns in inference theory then reached the
mathematical statistics community rather forcefully
with Cox (1958); this had focus on the two measuring-
instruments example and on uses of conditioning that
were compelling.

(i1) Birnbaum and logical analysis in statistical in-
ference. Birnbaum (1962) introduced notation for the
statistical inference available from an investigation
with a model and data. This gave grounds to analyze
how different methods or principles might influence
the statistical inference. As part of this he discussed
how sufficiency, likelihood and conditioning could dif-
ferentially affect statistical inference. Much of his dis-
cussion centered on the argument from conditioning
and sufficiency to likelihood, but a primary conse-
quence was the attention attracted to conditioning and
its role in inference. While this interest in conditioning
was substantial for those concerned with the core of
statistics, it has more recently been neglected or over-
looked. Indeed, some recent texts, for example, Rice
(2007), seem not to acknowledge conditioning in in-
ference or even the measuring-instrument example.

(iii) Mayo and statistical principles. Mayo should be
strongly commended for reminding us that the prin-
ciples and arguments of statistical inference deserve
very serious consideration and, we might add, could
have very serious consequences (Fraser, 2014). Her
primary focus is on the argument (Birnbaum, 1962)
that the principles sufficiency and conditionality lead
to the likelihood principle. This may not cover some re-
cent aspects of conditioning (Fraser, Fraser and Staicu,
2010), but should strongly stimulate renewed interest
in conditioning.

D. A. S. Fraser is Emeritus Professor, Department of
Statistical Sciences, University of Toronto, 100 St. George
St., Toronto, Ontario M5S 3G3, Canada (e-mail:
dfraser@utstat.toronto.edu,).
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(iv) Contemporary inference theory. Many statisti-
cal models have continuity in how parameter change
affects observable variables or, more specifically, how
parameter change affects coordinate quantile func-
tions, the inverses of the coordinate distribution func-
tions. This continuity in its global effect is widely ne-
glected in statistical inference. If this effect on quan-
tile functions is accepted and used in the inference
procedures, then in wide generality there is a well-
determined conditioning (Fraser, Fraser and Staicu,
2010). And likelihood analysis then offers an exponen-
tial model approximation that is third-order equivalent
to the given model, and this in turn provides third-order
inference for any scalar component parameters of in-
terest. Thus, the familiar conditioning conflicts are rou-
tinely avoided by acknowledging the important model
continuity.

(v) What is available? The conditioning just de-
scribed leads routinely to p-value functions p(yr) for
any scalar component parameter ¢ = 1 (6) of the sta-
tistical model. A wealth of statistical inference method-
ology then immediately becomes available from such
p-value functions. For example, a test for a value
is given by the p-value p (), a confidence interval by
the inverse (g2, ¥1-pg2) = p~' (1 — /2, B/2) of the
p-value function, and a median estimate by the value
p~1(0.5). But quite generally the needed p-value func-
tions are not available from a likelihood function alone!

(vi) What are the implications? If continuity is in-
cluded as an ingredient of many model-data combina-
tions, then, as we have indicated, likelihood analysis
produces p-values and confidence intervals, and these
are not available from the likelihood function alone.
This thus demonstrates that with such continuity-based
conditioning the likelihood principle is not a conse-
quence of sufficiency and conditioning principles. But
if we omit the continuity then we are directly faced
with the issue addressed by Mayo.
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Abstract.

In this discussion we demonstrate that fiducial distributions pro-

vide a natural example of an inference paradigm that does not obey Strong
Likelihood Principle while still satisfying the Weak Conditionality Principle.
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Professor Mayo should be congratulated on bring-
ing new light into the veritable arguments about statis-
tical foundations. It is well documented that p-values,
confidence intervals and hypotheses tests do not satisfy
the Strong Likelihood Principle (SLP). In the next sec-
tion we will demonstrate that fiducial distributions pro-
vide a natural example of an inference paradigm that
breaks SLP while still satisfying the Weak Condition-
ality Principle (WCP).

1. HISTORY OF FIDUCIAL INFERENCE

The origin of Generalized Fiducial Inference can be
traced back to R. A. Fisher (Fisher, 1930, 1933, 1935)
who introduced the concept of a fiducial distribution
for a parameter and proposed the use of this fiducial
distribution in place of the Bayesian posterior distribu-
tion. In the case of a one-parameter family of distribu-
tions, Fisher gave the following definition for a fidu-
cial density r(0) of the parameter based on a single
observation x for the case where the cdf F(x,0) is a
decreasing function of 6:

IF (x,6)
(1.1) ——

For multiparameter families of distributions Fisher did
not give a formal definition. Moreover, the fiducial ap-
proach led to confidence sets whose frequentist cover-
age probabilities were close to the claimed confidence

r@) =—
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levels but they were not exact in the frequentist sense.
Fisher’s proposal led to major discussions among the
prominent statisticians of the 1930s, 40s and 50s (e.g.,
Dempster, 1966, 1968; Fraser, 1961a, 1961b, 1966,
1968; Jeffreys, 1940; Lindley, 1958; Stevens, 1950).
Many of these discussions focused on the nonexactness
of the confidence sets and also on the nonuniqueness
of fiducial distributions. The latter part of the 20th cen-
tury has seen only a handful of publications (Barnard,
1995; Dawid, Stone and Zidek, 1973; Salome, 1998;
Dawid and Stone, 1982; Wilkinson, 1977) as the fidu-
cial approach fell into disfavor and became a topic of
historical interest only.

Since the mid-2000s, there has been a true resur-
rection of interest in modern modifications of fidu-
cial inference. These approaches have become known
under the umbrella name of distributional inference.
This increase of interest came both in the number of
different approaches to the problem and the number
of researchers working on these problems, and man-
ifested itself in an increasing number of publications
in premier journals. The common thread for these ap-
proaches is a definition of inferentially meaningful
probability statements about subsets of the parameter
space without the need for subjective prior information.

These modern approaches include the Dempster—
Shafer theory (Dempster, 2008; Edlefsen, Liu and
Dempster, 2009) and its recent extension called infer-
ential models (Martin, Zhang and Liu, 2010; Zhang
and Liu, 2011; Martin and Liu, 2013a, 2013b, 2013c,
2013d). A somewhat different approach termed con-
fidence distributions looks at the problem of obtain-
ing an inferentially meaningful distribution on the pa-
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rameter space from a purely frequentist point of view
(Xie and Singh, 2013). One of the main contributions
of this approach is the ability to combine informa-
tion from disparate sources with deep implications for
meta analysis (Schweder and Hjort, 2002; Singh, Xie
and Strawderman, 2005; Xie, Singh and Strawderman,
2011; Hannig and Xie, 2012; Xie et al., 2013). Another
more mature approach is called objective Bayesian
inference that aims at finding nonsubjective model-
based priors. An example of a recent breakthrough
in this area is the modern development of reference
priors (Berger, 1992; Berger and Sun, 2008; Berger,
Bernardo and Sun, 2009; 2012; Bayarri et al., 2012).
Another related approach is based on higher order like-
lihood expansions and implied data dependent priors
(Fraser, Fraser and Staicu, 2010; Fraser, 2004, 2011;
Fraser and Naderi, 2008; Fraser et al., 2010; Fraser,
Reid and Wong, 2005). There is also important ini-
tial work showing how some simple fiducial distribu-
tions that are not Bayesian posteriors naturally arise
within the decision theoretical framework (Taraldsen
and Lindqvist, 2013).

Arguably, Generalized Fiducial Inference has been
on the forefront of the modern fiducial revival. Start-
ing in the early 1990s, the work of Tsui and Weer-
ahandi (1989, 1991) and Weerahandi (1993, 1994,
1995) on generalized confidence intervals and the work
of Chiang (2001) on the surrogate variable method
for obtaining confidence intervals for variance compo-
nents led to the realization that there was a connection
between these new procedures and fiducial inference.
This realization evolved through a series of works in
the early 2000s (Hannig, 2009; Hannig, Iyer and Pat-
terson, 2006; Iyer, Wang and Mathew, 2004; Patterson,
Hannig and Iyer, 2004). The strengths and limitations
of the fiducial approach are starting to be better un-
derstood; see especially Hannig (2009, 2013). In par-
ticular, the asymptotic exactness of fiducial confidence
sets, under fairly general conditions, was established
in Hannig (2013); Hannig, Iyer and Patterson (2006);
Sonderegger and Hannig (2014). Generalized fiducial
inference has also been extended to prediction prob-
lems in Wang, Hannig and Iyer (2012). Computational
issues were discussed in Cisewski and Hannig (2012),
Hannig, Lai and Lee (2014), and model selection in
the context of Generalized Fiducial Inference has been
studied in Hannig and Lee (2009); Lai, Hannig and Lee
(2013).

2. GENERALIZED FIDUCIAL DISTRIBUTION AND
THE WEAK CONDITIONALITY PRINCIPLE

Most modern incarnations of fiducial inference begin
with expressing the relationship between the data, X,
and the parameters, &, as

2.1 X=G(,%),

where G(-, -) is termed the data generating equation
(also called the association equation or structural equa-
tion) and U is the random component of this data gen-
erating equation whose distribution is free of parame-
ters and completely known.

After observing the data x the next step is to use the
known distribution of U and the inverse of the data
(2.1) to define probabilities for the subsets of the pa-
rameter space. In particular, Generalized Fiducial In-
ference defines a distribution on the parameter space as
the weak limit as ¢ — 0 of the conditional distribution

argminx — G(U",£)] | [min|x ~ G(U".£)] <¢].

(2.2)

where U* has the same distribution as U. If there
are multiple values minimizing the norm, the opera-
tor arg min; selects one of them (possibly at random).
We stress at this point that the Generalized Fiducial
Distribution is not unique. For example, different data
generating equations can give a somewhat different
Generalized Fiducial Distribution. Notice also that if
P (ming [|x — G(U*, §)|| = 0) > 0, which is the case
for discrete distributions, the limit in (2.2) is the condi-
tional distribution evaluated at ¢ = 0.

The conditional form of (2.2) immediately implies
the Weak Conditional Principle for the limiting Gen-
eralized Fiducial Distribution. To demonstrate this, let
us consider the two-instrument example of (Cox, 1958)
(see also Section 4.1 of the discussed article). The data
generating equation can be written in a hierarchical
form:

M=1+1¢,1/2U),
X=0+4+o0oyZ,

where U ~ U (0, 1) and Z ~ N(0, 1) are independent
and the precisions 0] << o> are known. If both X = x
the measurement made and M = m the instrument used
(m = 1,2 for machine 1 and 2 respectively) are ob-
served, the conditional distribution (2.2) is N (x, 0,721),
only taking into account the experiment actually per-
formed. On the other hand, if only M is unobserved,
then the conditional distribution (2.2) is the mixture
0.5N (0, 012) +0.5N (0, 022). As claimed, the General-
ized Fiducial Distribution follows WCP in this exam-
ple.
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3. GENERALIZED FIDUCIAL DISTRIBUTION AND
THE STRONG LIKELIHOOD PRINCIPLE

In general, the Generalized Fiducial Distribution
does not satisfy the Strong Likelihood principle. We
first demonstrate this on inference for geometric dis-
tribution. To begin, we perform some preliminary cal-
culations. Let X be a random variable with discrete
distribution function F(x,&). Let us assume for sim-
plicity of presentation that for each fixed x, F(x,§) is
monotone in £ and spans the whole [0, 1]. The inverse
distribution function F~!(u, &) = inf{x: F(x, &) > u}
forms a natural data generating equation

X=FYU,&), U~(,1).

The minimizer in (2.2) is not unique, but any fidu-
cial distribution will have a distribution function satis-
fying 1 — F(x, ) < HE) < 1 — F(x_, &) if F(x,§)
is decreasing in £ and F(x_,&) < H(¢) < F(x,£&)
if F(x,&) is increasing. To resolve this nonunique-
ness, Hannig (2009) and Efron (1998) recommend us-
ing the half correction which is the mixture distribu-
tion with distribution functions H(§) =1— (F(x, &)+
F(x_,&))/2 if F(x,&) is decreasing in & or H(§) =
(F(x,&)+ F(x_,&))/2if F(x,&) increasing.

Let us now consider observing a random variable
N = n following the Geometric(p) distribution. SLP
implies that the inference based on observing N = n
should be the same as inference based on observing
X =1 where X is Binomial(n, p). However, the Ge-
ometric based Generalized Fiducial Distribution has
a distribution function between 1 — (1 — p)”_1 <
Hg(p) <1 — (1 — p)*. The binomial based General-
ized Fiducial Distribution uses bounds 1 — (1 — p)" —
np(1—p)"~! < Hg(p) < 1—(1— p)". Thus, the effect
of the stopping rule demonstrates itself in the General-
ized Fiducial Inference through the lower bound that
is much closer to the upper bound in the case of geo-
metric distribution. (We remark that one cannot ignore
the lower bound, as the upper bound is used to form
upper confidence intervals and the lower bound is used
for lower confidence intervals on p.) To conclude, the
fiducial distribution in this example depends on both
the distribution function of x and also on the distribu-
tion function of x — 1.

Let us now turn our attention to continuous distri-
butions. In particular, assume that the parameter & €
® C R? is p-dimensional and that the inverse to (2.1)
G~ (x, &) = u exists. Then under some differentiabil-
ity assumptions, Hannig (2013) shows that the general-
ized fiducial distribution is absolutely continuous with

density

J(x,8)J(x,§)
Jo F(x,§)J(x,8")d&"

where f(x, &) is the likelihood and the function J (x, &)
is

(3.1 r@§) =

J(x,8)
2

(32)
= 2

i=(i1,...,i1,)
I<ij<-<ip=n

’

det(j—SG(u, s)]

u=G‘(x,é‘))i

where j—SG(u, &) is the n x p Jacobian matrix of partial
derivatives computed with respect of components of &.
The sum in (3.2) spans over all p-tuples of indexes
i=(<iy<---<ip=<n)C{l,...,n}. Additionally,
for any n x p matrix J, the sub-matrix (J); is the
P X p matrix containing the rows i = (i1, ...,i,) of A.
The form of (3.1) suggests that as long as the Jacobian
J(x, &) does not separate into J(x,£&) = f(x)g(&€), in
which case the Generalized Fiducial Distribution is the
same as the Bayes posterior with g(£) used as a prior,
the Generalized Fiducial Distribution does not satisfy
SLP due to the dependance on dG(u, &) /d&.

4. GENERALIZED FIDUCIAL DISTRIBUTION AND
SUFFICIENCY PRINCIPLE

Whether the Generalized Fiducial Distribution satis-
fies the sufficiency principle depends entirely on what
data generating equation is chosen. For example, let
us assume that Y = (S(X), A(X))’, where S is a p-
dimensional sufficient and A is ancillary and X satisfies
(2.1). Because dA/d& = 0, the sum in (3.2) contains
only one nonzero term:

det(%S(G(u’ 5)) ‘u:G*1 (Xf)) '

Let s = S(x) and a = A(X) be the observed values
of the sufficient and ancillary statistics respectively.
To interpret the Generalized Fiducial Distribution as-
sume that there is a unique & solving s = S(G(u, &))
for every u and denote this solution Qg(u) = &. Also
assume that the ancillary data generating equation
A(G(u, £)) = A(u) is not a function of £. A straight-
forward calculation shows that the fiducial density
(3.1) with (4.1) is the conditional distribution of
0s(U*) | A(U*) = a. We conclude that this choice of
data generating equation leads to inference based on
sufficient statistics conditional on the ancillary. How-
ever, we still do not expect the SLP to hold in general
even for this data generating equation.

4.1 J(x,8) =
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Heuristically, this is because GFI is using not only
the data observed, but also the data that based on the
data generating equation could have been observed in
the neighborhood of the observed data.

5. FINAL REMARKS

Let us close with discussing the example of Sec-
tion 3.1. While the paper is not very clear on the exact
specification of the events, it appears that for experi-
ment 1 we observe the event

O1 = {J169 > 1.960/3/169),
while for the experiment 2 we observe
0> = {jx <1.960/vVk,k=1,...,168,
Y169 > 1.960/+/169}.
Since O, C 01, we see that the likelihood
Py(02) = Po(O2| O1)P(Oy).

Consequently, we would have an SLP pair if and only
if P9(O; | O1) was a constant as a function of 6. How-
ever, this is not the case, as clearly Py(O; | O1) > 0
and limg_, o Py(O2 | O1) = 0. Consequently, we do
not have an SLP pair.
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Abstract.

The paper by Mayo claims to provide a new clarification and cri-

tique of Birnbaum’s argument for showing that sufficiency and conditionality
principles imply the likelihood principle. However, much of the arguments go
back to arguments made thirty to forty years ago. Also, the main contention
in the paper, that Birnbaum’s arguments are not valid, seems to rest on a

misunderstanding.

Key words and phrases:
theorem.

The goal of this paper is to provide a new clarifica-
tion and critique of Birnbaum’s argument for showing
that principles of sufficiency and conditionality entail
the (strong) likelihood principle (LP).

I must admit I do not find that the paper provides
such a new clarification of the criticism of Birnbaum’s
argument. Rather, much of the criticism in the paper
goes back to arguments made in the 70s and 80s by sev-
eral authors, for example, Durbin (1970), Kalbfleisch
(1975), Cox (1978) and Evans, Fraser and Monette
(1986). This critique has been discussed by several
statisticians with an opposing view; see Berger and
Wolpert (1988) and Bjgrnstad (1991).

I will concentrate my discussion on what seems to
be the most important contention in the paper, that the
sufficient statistic in Birnbaum’s proof erases the infor-
mation as to which experiment the data came from and,
hence, that the weak conditionality principle (WCP)
cannot be applied; see, for example, Sections 5.2 and 7.

As I understand it, this is a misunderstanding of the
proof. For one thing, it seems that only the observation
x from the experiment E» is considered in the mixture
experiment instead of the correct (E»2, x3). The obser-

Jan F. Bjprnstad is Professor of Statistics, Department of
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Division for Statistical Methods, Statistics Norway, P.O.
Box 8131 Dep., N-0033 Oslo, Norway (e-mail:
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Likelihood, conditionality, sufficiency, Birnbaum’s

vations in a mixture experiment are always of the form
(Ey, xp)—mnever as only xj,.

Other arguments leading up to this contention seem
to rest on a misunderstanding of the sufficiency consid-
erations in the proof, that given an observation from a
certain experiment the result in an unperformed exper-
iment is to be reported; see, for example, Sections 2.4
and 5.1. I find that this is definitely not the case. To be
specific, the author considers the following proof in the
discrete case:

Let (j,x;) indicate that Experiment E; was per-
formed with data x;, j = 1,2. Assume the data val-
ues x(l) and xg have proportional likelihoods from ex-
periments £ and E;, respectively. Then the sufficient
statistic in the mixture experiment used in Birnbaum’s
proof is given by

T(j,x)=(,xp) if (oxj) # (1,x)), (2, x9),
T(1xf) = T(2.29) = (1.x9).

Mayo claims that T(l,x?) =T, xg) (= ¢) implies
that the weak conditionality principle (WCP) is vio-
lated. Now, one should note that the proof works with
any c # (l,x?) and ¢ # (j,x;),j = 1,2 and all x;.
When E» is performed and xg is the result, then the ev-
idence should only depend on E; and x(z) , and not on
a result of an unperformed experiment E;. This is, of
course, correct, but it does not depend on aresultin Ej.
(Actually E| is not an unperformed experiment either.
We comment on this issue later.) By letting ¢ = (1, x?)
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it seems so, but we see by choosing a ¢ # (l,x?) it
is not the case. So WCP is not violated. The sufficient
statistic simply takes the same value for these two re-
sults of the mixture experiment. It has nothing to do
with WCP.

So Birnbaum’s proof does not require that the evi-
dential support of a known result should depend on the
result of an unperformed experiment. It follows that the
main contention in the paper seems to rest on a lack of
understanding of the basics of the proof of Birnbaum’s
theorem. In fact, it is possible to do the proof even more
generally. One can show, for a given experiment [see,
e.g., Cox and Hinkley (1974) and Bjgrnstad (1996)],
that if two likelihoods are proportional for two possi-
ble observations in the same experiment, there exists
a minimal sufficient statistic with the same value for
the two observations. This holds both for discrete and
continuous models.

To make the sufficiency argument clearer, consider a
mixture of a binomial experiment £ and a negative bi-
nomial experiment £, where the observations are x| =
number of successes in 12 trials and x, = number of
trials until 3 successes. If x? =3 and xgxz = 12 then
the likelihoods are proportional. A natural choice of the
sufficient statistic 7' in the mixture experiment in Birn-
baum’s proof has

T(1,x))=T(2,x9) =3/12,
the proportion of successes in either case.

Clearly then, the value of T from experiment E, does
not depend on the result from E7.

As already mentioned, the author claims that the suf-
ficient statistic 7" in the proof of Birnbaum’s result has
the effect of erasing the index of the experiment. More-
over, it is claimed that inference based on T is to be
computed over the performed and unperformed experi-
ments E1 and E>. As we have shown, this is simply not
the case. It should also be mentioned that statistically
the proof simply considers two instances of performing
the mixture experiments resulting in proportional like-
lihoods and really has nothing to do with considering
unperformed experiments.

Let me also mention that the author’s premise in
Section 5 is not correct. The starting point is not that
we have an arbitrary outcome of one single experi-
ment, but rather that two experiments have been per-
formed about the same parameter resulting in propor-
tional likelihoods. So Birnbaum does not enlarge a
known single experiment but constructs a mixture of
the two performed experiments. There is really no un-
performed experiment here. In a sense, one may regard

the paper by Mayo as actually not discussing the LP at
all.

It should be clear that I find that the main contention
in the paper does not hold when maintaining the origi-
nal meaning of the principles of sufficiency, condition-
ality and likelihood. Other comments made in this pa-
per referring to various authors in the 70s and 80s are a
different matter. However, I do not find any new clari-
fication of Birnbaum’s fundamental theorem in this pa-
per. For example, regarding sufficiency, it is necessary
to restrict the application of sufficiency to nonmixture
experiments, as Kalbfleisch (1975) did, in order to in-
validate Birnbaum’s result. Berger and Wolpert (1988)
argue, I think, convincingly against such a restriction.
See also Bjgrnstad (1991).

Let me end this discussion by making clear the fol-
lowing fact: It is obviously clear that frequentistic mea-
sures may, and typically do, violate LP. This is true as
far as it comes to analysis of the actual data we observe.
But a major point here is that the LP does not say that
one should not be concerned with how the methods do
when used repeatedly. LP is simply not about method
evaluation. Evaluation of methods is still important. So
LP says in essence that frequentistic considerations are
not sufficient for evaluating the uncertainty and relia-
bility in the statistical analysis of the actual data; see
also Bjgrnstad (1996) for a discussion on this issue.
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Rejoinder:

“On the Birnbaum Argument for

the Strong Likelihood Principle”

Deborah G. Mayo

1. INTRODUCTION

I am honored and grateful to have so many interest-
ing and challenging comments on my paper. I want to
thank the discussants for their willingness to jump back
into the thorny quagmire of Birnbaum’s argument. To
a question raised in the paper “Does it matter?”, these
discussions show the answer is yes. The enlightening
connections to contemporary projects are especially
valuable in galvanizing future efforts to address foun-
dational issues in statistics.

As long-standing as Birnbaum’s result has been,
Birnbaum himself went through dramatic shifts in a
short period of time following his famous (1962) re-
sult. More than of historical interest, these shifts pro-
vide a unique perspective on the current problem. Al-
ready in the rejoinder to Birnbaum (1962), he is wor-
ried about criticisms (by Pratt, 1962) pertaining to ap-
plying WCP to his constructed mathematical mixtures
(what I call Birnbaumization), and hints at replacing
WCP with another principle (Irrelevant Censoring).
Then there is a gap until around 1968 at which point
Birnbaum declares the SLP plausible “only in the sim-
plest case, where the parameter space has but two”
predesignated points [Birnbaum (1968), page 301].
He tells us in Birnbaum (1970a, page 1033) that he
has pursued the matter thoroughly, leading to “rejec-
tion of both the likelihood concept and various pro-
posed formalizations of prior information.” The basis
for this shift is that the SLP permits interpretations
that “can be seriously misleading with high probabil-
ity” [Birnbaum (1968), page 301]. He puts forward
the “confidence concept” (Conf) which takes from the
Neyman—Pearson (N-P) approach “techniques for sys-
tematically appraising and bounding the probabilities
(under respective hypotheses) of seriously mislead-
ing interpretations of data” while supplying it an evi-
dential interpretation [Birnbaum (1970a), page 1033].
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Given the many different associations with “confi-
dence,” I use (Conf) in this Rejoinder to refer to Birn-
baum’s idea. Many of the ingenious examples of the
incompatibilities of SLP and (Conf) are traceable back
to Birnbaum, optional stopping being just one [see
Birnbaum (1969)]. A bibliography of Birnbaum’s work
is Giere (1977). Before his untimely death (at 53),
Birnbaum denies the SLP even counts as a principle of
evidence (in Birnbaum, 1977). He thought it anoma-
lous that (Conf) lacked an explicit evidential interpre-
tation, even though, at an intuitive level, he saw it as
the “one rock in a shifting scene” in statistical thinking
and practice [Birnbaum (1970a), page 1033]. I return
to this in Section 4 of this rejoinder.

2. BJORNSTAD, DAWID AND EVANS

Let me begin by answering the central criticisms
that, if correct, would be obstacles to what I purport to
have shown in my paper. It is entirely understandable
that leading voices in a long-lived controversy would
assume that all of the twists and turns, avenues and
roadways, have already been visited, and that no new
flaw in the argument could enter to shake up the debate.
I say to the reader that the surest sign that the issue is
unsettled is that my critics disagree among themselves
about the puzzle and even the key principles under dis-
cussion: the WCP, and in one case, the SLP itself. To
remind us [Section 2.2]:

SLP: For any two experiments E; and E»
with different probability models f1, f>
but with the same unknown parameter 6,
if outcomes x* and y* (from E; and Ej,
resp.) determine the same likelihood func-
tion [ f1(x*; 0) = cfa(y*; 6) for all 8], then
x* and y* should be inferentially equivalent
for any inference concerning parameter 6.

A shorthand for the entire antecedent is that (E{, x*) is
an SLP pair with (E3,y*), or just x* and y* form an
SLP pair (from {E1, E>}). Assuming all the SLP stipu-
lations, we have

SLP: If (E, x*) and (E>, y*) form an SLP
pair, then Infrg, [x*] = Infrg, [y*].
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Bjornstad

According to Bjgrnstad, “The starting point is not
that we have an arbitrary outcome of one single exper-
iment, but rather that two experiments have been per-
formed about the same parameter resulting in propor-
tional likelihoods.” I do not think Bjgrnstad can actu-
ally mean to say the SLP cannot be applied until both
members of the SLP pair are observed. So, for exam-
ple, if in the sequential experiment one is able to stop
(with a 0.05 p-value) at n = 169, resulting in y*, one
may not regard it as evidentially equivalent to x*, the
SLP pair with n fixed at 169, until and unless x* is ac-
tually generated? The universal generalization of the
SLP asserts that for an arbitrary y*, if it has an SLP
pair x*, then y* is equivalent in evidence to x*. Bjgrn-
stad’s problematic reading results in his next remark:
“So Birnbaum does not enlarge a known single experi-
ment but constructs a mixture of the two performed ex-
periments.” What is constructed in Birnbaum’s exper-
iment Ep is a hypothetical or mathematical mixture,
based on having observed y* (from E»). This is part
of the key gambit I call Birnbaumization (Section 2.4).
We are to consider the possibility that performing E»
(which gave rise to y*) was the result of a 6-irrelevant
randomizer (deciding between E; or E>). Now I grant
Birnbaum that we may imagine all the SLP pairs are
“out there,” each pair assumed to have resulted from a
@-irrelevant randomizer, ripe for plucking whenever a
member of an SLP pair is observed. (See Sections 2.5
and 5.1.) Yet even granting Birnbaum all of this, we
still may not infer SLP (nor does it follow in the case
where the mixture is actual).

Bjgrnstad also criticizes me because he claims the
SLP “is simply not about method evaluation.” His po-
sition is that there is an evidential appraisal, and quite
separately an assessment of long-run performance. For
a frequentist, or one who holds Birnbaum’s (Conf), evi-
dential import is inseparable from an assessment of the
relevant error probabilities. Not because we regard evi-
dential import as all about long-runs, but because scru-
tinizing a given inference is bound up with a method’s
ability to have alerted us to misleading interpretations.

Bjgrnstad does “not find any new clarification of
Birnbaum’s fundamental theorem in this paper” be-
cause he assumes I am channeling the attempts of
Durbin (1970), Kalbfleisch (1975) and Evans, Fraser
and Monette (1986), all of whom restrict or modify ei-
ther SP or WCP to block the result. While I stand on
the shoulders of these and other earlier treatments, a
crucial difference is that, unlike them, I do not alter

the principles involved. If one is out to demonstrate the
logical flaw in an argument, as every good philosopher
knows, one should scrupulously adhere to the premises
and generously interpret the machinations of the ar-
guer. This I do. Bjgrnstad’s opinion is that “one may
regard the paper by Mayo as actually not discussing
the LP at all.” Or, alternatively, one may regard the po-
sition held by this critic to be mistaken about the SLP
and Birnbaum’s argument.

Dawid

Professors Dawid and Evans disagree about the key
principle invoked in Birnbaum’s argument, the WCP.
Dawid views it as an equivalence relation, Evans says
it is not. I follow Birnbaum in regarding the WCP as
an equivalence, but, unlike both Dawid and Evans, I
pin down what is to be meant in regarding WCP as an
equivalence, or, for that matter, an inequivalence (see
Section 4.3). First Dawid.

Dawid maintains that my WCP differs from the prin-
ciple of conditionality Birnbaum uses in the SLP argu-
ment. Not so. I am working with the WCP stated in
Birnbaum (1962, 1969), the very same one defined by
Dawid:

The evidential meaning of any outcome of
any mixture experiment is the same as that
of the corresponding outcome of the corre-
sponding component experiment, ignoring
the over-all structure of the mixture exper-
iment.

Dawid’s definition is a portion of the one found in
Birnbaum (1962), page 271. It assumes, of course, all
of the other stipulations, for example, we are making
“informative” inferences about 6, it is a 6-irrelevant
mixture, the outcome is given, and all the rest. It is the
definition used in countless variations of the SLP argu-
ment, and it is clearly captured in my Section 4.3. Per-
haps I should have abbreviated it as CP; WCP comes
from Berger and Wolpert’s (1988) manifesto, The Like-
lihood Principle. My intention was to underscore Birn-
baum’s emphasis that the WCP concerns mixture ex-
periments and is distinct from many other uses of “con-
ditioning” in statistics [Birnbaum (1962), pages 282—
283].

I wondered why Dawid thought I denied that WCP
asserts an equivalence, until I noticed that Dawid lops
off the end of my sentence from Section 7: I do not say
“the problem stems from mistaking WCP as the equiv-
alence” simpliciter, but rather it stems from the in-
correct equivalence! The incorrect equivalence equates
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the inference from the given experiment with one that
takes account of the (irrelevant) mixture structure. This
is what Dawid is on about in describing invalid con-
struals of WCP, so he can scarcely object. (See Sec-
tion 5.2.)

As with any equivalence, there is an implicit inequiv-
alence as a corollary. [See (i) and (ii) in Section 4.3.]
Typically, in saying the evidential import of two out-
comes are the same, one would not add “and be sure to
ignore any features that would render them inequiva-
lent.” Birnbaum adds this warning because some treat-
ments do not ignore the mixture structure. To put this
another way, WCP includes the phrases “is the same
as” as well as “ignoring.” The problem is that Dawid is
ignoring the word “ignoring” in the very definition he
proffers. There is no difference between the phrases

e ignore the over-all structure of the mixture experi-
ment

and

e eschew any construal that does not ignore the over-
all structure of the mixture experiment.

I also refer to this as irrelevance (Irrel) (Section 4.3.2)
because Birnbaum describes the WCP as asserting the
“irrelevance of (component) experiments not actually
performed” [Birnbaum (1962), page 271].

Dawid opines that I am using the WCP in David
Cox’s (1958) famous weighing example, which he
does not define; I am guessing he means to suggest |
must be limiting myself to actual mixtures. That is to
miss the genius of Birnbaum’s argument. Birnbaum,
quite deliberately, intends to capitalize on the persua-
siveness of conditioning in Cox’s famous example, but
his ploy is to extend the argument to mathematical or
hypothetical mixtures. (I am not saying it is an innocu-
ous move, but that is a separate matter.) Even if Dawid
chooses to view Cox’s WCP as a nonequivalence, it
is irrelevant; I am following Birnbaum in construing it
as an equivalence, permitting, for example, y*, known
to have come from a nonmixture, to be evidentially
equivalent to the appropriate 0-irrelevant mixture as in
Section 4.3. (Irrel) protects against illicit readings that
Dawid warns against. SLP still will not follow.

So Dawid, Birnbaum and I are using the same def-
inition of WCP. The onus is on Dawid to pinpoint
where my characterization deviates from Birnbaum’s.
The only difference is that I have shown one cannot get
to SLP, and Dawid gives no clue how to get around my
criticism.

For Dawid to simply pronounce that “Birnbaum’s
theorem is indeed logically sound” and that therefore
my argument “must itself be unsound” is question-
begging, and will not do. Demonstrating unsoundness
of my argument should be accomplished straightfor-
wardly, as I have done regarding Birnbaum. That said,
I fully agree with Dawid that one can view [(SP and
WCP), entails SLP] as a theorem, but in order to detach
the SLP, as is mandatory for Birnbaum, he is left with
a “proof” that is either unsound or question-begging.
Perhaps those who are long wedded to Birnbaum’s ar-
gument are comfortable with merely assuming what
was to have been shown. It is part of the mysterious
“path of enlightenment followed by conversion” that
Dawid mentions. That is no reason for others to allow
“trust me, it is sound” to take the place of argument.

Evans

Given that Evans largely agrees with me, it may
seem ungenerous to focus on apparent disagreements,
but there is too great a danger in leaving some mis-
impressions regarding a problem already beset with
decades of misunderstanding. Notably, it seems I have
not convinced Evans of the logical error that Birnbaum
makes. Instead Evans thinks the problem is with the
conditionality principle WCP, and claims that frequen-
tists need to fix it somehow. But it is not the principle,
it is the “proof.”

I have at least convinced Evans that there are cases
where SP and WCP and not-SLP hold without logi-
cal contradiction (in Mayo, 2010). These cases may be
called “counterexamples” to the argument whose con-
clusion is the SLP. They are also counterexamples to
[WCP entails SLP], using the weaker notion of mathe-
matical equivalence of Birnbaum (1972) that dispenses
with (SP). Evans will take those counterexamples to
show that WCP is not an equivalence relation, assum-
ing a frequentist standpoint. Now it is true that any
such counterexample may be seen to warn us against
mistaking WCP as asserting the incorrect equivalence,
noted in my rejoinder to Dawid. But that does not
preclude WCP from asserting a correct equivalence.
A more general issue I have with Evans’ treatment is
that it does not show where the source of the problem
lies in arguments for SLP. Introducing his set-theoretic
treatment into a simple argument, I am afraid, does not
help to pinpoint where the argument goes wrong, but
in fact leaves us with a very murky idea even as to
his definition of WCP. The argument for the SLP be-
gins with: We are given y* from E3, a member of an
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SLP pair. Will Evans block introduction of the mathe-
matical mixture in Birnbaumization? This would seem
to cut off Birnbaum’s argument too quickly. Were that
sufficient, the debate would have surely ended with
Kalbfleisch (1975). Note too, unlike Evans, my argu-
ment in the paper under discussion does not rely on as-
suming a frequentist principle at all, though obviously
I avoid a formulation that rules it out in advance. To
sum up this section, Evans uses my counterexamples
to show a restricted WCP may be applied, while block-
ing SLP. Left as it is, it opens him to the criticism (the
one Dawid raised!) that he is altering Birnbaum’s WCP
and restricting it to actual mixtures.

What a surprise, then, to hear Evans allege that
“many authors, including Mayo, refer to the [WCP]
which restricts attention to ancillaries that are phys-
ically part of the sampling.” I do not know on what
grounds Evans wants to distinguish actual and math-
ematical mixtures, but Birnbaum’s argument for the
SLP concerns mathematical or hypothetical mixtures.
Birnbaum calls an experiment a mixture “if it is math-
ematically equivalent” to a mixture [Birnbaum (1962),
page 279]. Further, Birnbaum (1962) emphasizes that
earlier proofs [that WCP and SP imply SLP] were re-
stricted to actual mixtures. “But in the above proof”
he is able to get a result relevant for all classes of ex-
periments by using an ancillary “constructed with the
hypothetical mixture” [Ep] [Birnbaum (1962), page
286]. So, I am not sure what Evans is alleging. In one
place, Evans worries whether the WCP “resolves the
problem with conditionality more generally,” but this
is a separate issue from Birnbaum’s argument. Here the
focus is on WCP solely for purposes of arriving at the
SLP.

Although there was not space to discuss this in my
paper, it is worth noting why merely blocking the SLP
with a modified WCP fails to make progress with a
further goal required of an adequate treatment. Con-
sider how, in discussing Durbin’s modified principle of
conditionality, Birnbaum notes that “Durbin’s formula-
tion (C’), although weaker than [WCP], is nevertheless
too strong (implies too much of the content of [SLP])
to be compatible with standard (non-Bayesian) statisti-
cal concepts and techniques” [Birnbaum (1970b), page
402]. Birnbaum (1975, page 264) raises the same prob-
lem with Kalbfleish’s restriction to “minimal experi-
ments” to which Evans’ treatment is closely related.
Evans does not show his modified conditionality prin-
ciple avoids entailing “too much of the SLP.” (This re-
lates to Dawid’s point about stopping rules in his com-
ment.) For a frequentist account to satisfy Birbaum’s

(Conf), all cases that allow misleading interpretations
with high probability should still show up as SLP vio-
lations.

To this end, my argument shows that any violation
of SLP in frequentist sampling theory necessarily re-
sults in an illicit substitution in the formulation of Birn-
baum’s argument. To put the problem in general terms,
p = r does not follow from p =q and g =r, if g
shifts to ¢’ within the argument, where ¢ # ¢’ (fal-
lacy of 4 terms). For specifics see Section 5. Thus, ours
is in no danger of implying “too much” of the SLP:
what was an SLP violation remains one. Now Evans
may not be concerned with retaining those frequentist
SLP violations, given he makes it very clear he em-
braces Bayesianism, but that is irrelevant to what an
adequate treatment of Birnbaum’s argument demands.
I have seen some statistics textbooks leave the details
of the SLP proof to the reader; I think it is time to give
full credit to students who found it impossible to make
a valid substitution in general. I explained why.

3. FRASER, HANNIG, MARTIN AND LIU

Let me turn to the second group of discussants. It
is an honor to be “strongly commended” by Fraser
for emphasizing the importance of “principles and ar-
guments of statistical inference”; and I feel my ef-
forts are worthwhile with Martin and Liu’s noting my
“demonstration resolves the controversy around Birn-
baum and LP, helping to put the statisticians’ house
in order.” I entirely agree with them that the “confu-
sion surrounding Birnbaum’s claim has perhaps dis-
couraged researchers from considering questions about
the foundations of statistics,” at least from appealing
to those foundations that reject the SLP. Let me under-
score Fraser’s point that the need for an inferential vari-
ation of (N—P) theory “reached the mathematical statis-
tics community rather forcefully with Cox (1958); this
had the focus on the two measuring-instruments exam-
ple and on uses of conditioning that were compelling.”
Cox’s (1958) example also appears in Hannig’s discus-
sion, and I will borrow his simple description of the
case where the measurement but not the instrument M
is observed. In that case, inference is based on the con-
vex combination of the mixture components, consistent
with WCP. This allows me to succinctly put an equivo-
cation that I suspect may enter, in the case of SLP pairs,
between the irrelevance of the mixture structure, given
(Ei,z;), and the irrelevance of the index i, given just
the measurement. This equivocation may be behind the
Birnbaum puzzle.
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Fraser rightly reminds us that, “statistical inference
as an alternative to (N—P) decision theory has a long
history in statistical thinking” with strong impetus
from Fisher. Still Birnbaum struggled to articulate a N—
P theory as “an inference theory” (Birnbaum, 1977),
and my view is that we had to solve “Birnbaum’s prob-
lem” before doing so properly. Finding Birnbaum’s ar-
gument unsound opens the door to foundations that are
free from paying obeisance to the SLP. In this spirit
Martin and Liu correctly view my paper as “an invi-
tation for a fresh discussion on the foundations of sta-
tistical inference.” Yet there is more than one way of
proceeding. Tracing out the mathematical similarities
and differences between the approaches of Fraser, Han-
ning, Martin and Liu is a task for which others are bet-
ter equipped than I. All are said to violate SLP.

It is interesting to note, as Hannig does, that “since
the mid 2000s, there has been a true resurrection of
interest in modern modifications of fiducial inference”
which had long fallen into disrepute. Fraser’s has been
one of the leading voices to persevere with innovative
developments, and his own “confidence” idea is clearly
in sync with Birnbaum. However, the differences that
emerge in this group’s discussions should not be down-
played. Hannig says that “the common thread for these
approaches is a definition of inferentially meaningful
probability statements about subsets of the parameter
space without the need for subjective prior informa-
tion,” and Martin and Liu suggest that error probability
accounts are appropriate only for decision procedures,
as distinct from their “inferential models.” Some might
view these as attempts to build a concept of evidence as
a kind of probabilism but without the priors. However,
in the background of these contemporary developments
lurks a suspicion that their SLP violations were picking
up differences where no purely inferential difference
was warranted. So long as Birnbaum’s proof stood, this
suspicion made sense.

Post-SLP, it is worth standing back and reflecting
anew on these accounts. In this respect, this founda-
tional project is just beginning because for 40 or 50
years, the questions of foundations were largely re-
stricted to accounts that obeyed, or were close to obey-
ing, the SLP. So, we have Birnbaum, alongside Fisher,
being catapulted onto the contemporary foundational
scene, squarely calling on us to address the still unre-
solved problem: how to obtain an account of statistical
inference that also controls the probability of seriously
misleading inferences. Better yet, the two goals should
mesh into one.

4. POST-SLP FOUNDATIONS

Return to where we left off in the opening section of
this rejoinder: Birnbaum (1969),

The problem-area of main concern here
may be described as that of determining
precise concepts of statistical evidence (sys-
tematically linked with mathematical mod-
els of experiments), concepts which are
to be non-Bayesian, non-decision-theoretic,
and significantly relevant to statistical prac-
tice. [Birnbaum (1969), page 113.]

Given Neyman’s behavioral decision construal, Birn-
baum claims that “when a confidence region estimate
is interpreted as representing statistical evidence about
a parameter” [Birnbaum (1969), page 122], an investi-
gator has necessarily adjoined a concept of evidence,
(Conf) that goes beyond the formal theory. What is
this evidential concept? The furthest Birnbaum gets in
defining (Conf) is in his posthumous article Birnbaum
977):

(Conf) A concept of statistical evidence is
not plausible unless it finds ‘strong evidence
for H, against H;’ with small probabil-
ity (o) when Hp is true, and with much
larger probability (1 — 8) when H; is true.
[Birnbaum (1977), page 24.]

On the basis of (Conf), Birnbaum reinterprets statisti-
cal outputs from N-P theory as strong, weak, or worth-
less statistical evidence depending on the error prob-
abilities of the test [Birnbaum (1977), pages 24-26].
While this sketchy idea requires extensions in many
ways (e.g., beyond pre-data error probabilities and be-
yond the two hypothesis setting), the spirit of (Conf),
that error probabilities quantify properties of methods
which in turn indicate the warrant to accord a given in-
ference, is, I think, a valuable shift of perspective. This
is not the place to elaborate, except to note that my
own twist on Birnbaum’s general idea is to appraise ev-
idential warrant by considering the capabilities of tests
to have detected erroneous interpretations, a concept |
call severity. That Birnbaum preferred a propensity in-
terpretation of error probabilities is not essential. What
matters is their role in picking up how features of ex-
perimental design and modeling alter a methods’ ca-
pabilities to control “seriously misleading interpreta-
tions.” Even those who embrace a version of proba-
bilism may find a distinct role for a severity concept.
Recall that Fisher always criticized the presupposition
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that a single use of mathematical probability must be
competent for qualifying inference in all logical situa-
tions [Fisher (1956), page 47].

Birnbaum’s philosophy evolved from seeking con-
cepts of evidence in degree of support, belief or plau-
sibility between statements of data and hypotheses to
embracing (Conf) with the required control of mis-
leading interpretations of data. The former view re-
flected the logical empiricist assumption that there ex-
ist context-free evidential relationships—a paradigm
philosophers of statistics have been slow to throw off.
The newer (post-positivist) movements in philosophy
and history of science were just appearing in the 1970s.
Birnbaum was ahead of his time in calling for a philos-
ophy of science relevant to statistical practice; it is now
long overdue!

“Relevant clarifications of the nature and
roles of statistical evidence in scientific re-
search may well be achieved by bringing
to bear in systematic concert the scholarly
methods of statisticians, philosophers and
historians of science, and substantive scien-
tists...” [Birnbaum (1972), page 861].
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